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ABSTRACT

Radial basis functions (RBFs) are highly effective for approximating multivariable functions through linear

combinations of univariate radial functions that depend only on the distance from a center. Their mesh-

free nature makes them naturally suitable for solving problems. They are particularly useful when the

dataset is known only at a finite set of discrete points, providing a smooth approximation that can be

evaluated quickly and repeatedly. Beyond their role in function approximations, RBFs have also emerged

as a robust tool for advancing higher-order numerical methods for solving complex partial differential

equations (PDEs), partial integro-differential equations (PIDEs), and linear complementarity problems

(LCPs) particularly in computational finance. Their global support and inherent smoothness make RBFs

an appropriate choice for achieving higher-order accuracy. By selecting suitable RBFs from the various

types available in literature and by optimizing the shape parameters, these methods can attain high

convergence rates while significantly reducing numerical errors.

In this thesis, we developed a radial basis function based finite difference (RBF-FD) scheme for solving

various types of option pricing problems. Spatial discretization using RBF-FD method is combined with

implicit-explicit (IMEX) temporal schemes to provide a reliable and efficient framework for computational

finance problems with improved accuracy. Stability analyses for the proposed time semi-discretization

methods are also presented. In addition, numerical experiments are performed to demonstrate the order of

convergence, accuracy, and efficiency of the proposed numerical schemes. These RBF-FD–IMEX methods

are efficiently applied to several stochastic models arising in option pricing. Specifically, we consider cases

where the underlying asset follows a jump-diffusion process with local volatility, European and American

options in an extended Markovian regime-switching jump-diffusion (RSJD) framework, Asian options

governed by moving-boundary partial integro-differential equations with regime-switching jump-diffusion,

and European and American options under liquidity shocks modeled through PDE system and semi-linear

complementarity problems. These contributions establish high order, computationally efficient RBF-FD

methods, capable of handling jumps, regime switching, path dependence, and liquidity effects, with direct

application in option pricing.

xix



In Chapter 1, a brief overview of financial markets and derivative securities is provided, with a par-

ticular focus on options and their fundamental concepts. The chapter also includes a literature review

of recent numerical methods for option pricing and an introduction to the basic principles of radial basis

function approximation. It presents the motivation of the study and outlines the problems addressed,

together with the preliminaries that will be used extensively in the subsequent chapters.

Chapter 2 presents efficient and accurate RBF-FD–IMEX methods for pricing options when the un-

derlying asset follows a jump-diffusion process with local volatility. For time semi-discretization, we in-

troduce three numerical techniques: Crank–Nicolson Leap-Frog (CNLF), Crank-Nicolson Adam-Bashforth

(CNAB), and the second order Backward difference formula (BDF2), all incorporated with the RBF-FD

method. The stability of the time semi-discretized schemes is also analyzed. The computational methods

developed for European options are extended to American options. In particular, the RBF-FD IMEX

methods are integrated with an operator splitting (OS) technique to solve the linear complementarity

problem with variable parameters, which determines the price of an American option. To validate the

effectiveness and accuracy of the proposed techniques, numerical results for European and American put

options under the Merton and Kou models are presented. Part of the work in this chapter has been

published in Engineering Analysis with Boundary Elements.

Chapter 3 introduces three RBF-FD IMEX methods for pricing European and American options in

an extended Markovian regime-switching jump-diffusion economy. A PIDE is used to compute European

option values, while a linear complementarity problem determines American option prices. To solve the

LCP, the proposed scheme is combined with operator splitting methods, eliminating the need for fixed-

point iterations at each economic stage and time step. The stability of the proposed time discretization

methods is analyzed, and numerical experiments are used to validate the second-order convergence and

computational efficiency of the three IMEX methods (BDF2, CNAB, CNLF) under the extended RSJD

model. Part of the work in this chapter has been published in Numerical Algorithms.

Chapter 4 investigates the construction of a RBF-FD IMEX method for solving moving-boundary

PIDE systems governing regime-switching jump-diffusion for Asian option pricing. The RBF-FD scheme

is employed for spatial discretization and paired with the IMEX schemes for temporal discretization. The

stability of the time semi-discretization method is also established theoretically. Numerical examples are

presented to demonstrate the efficacy of the proposed scheme in terms of convergence and accuracy. Part

of the work in this chapter has been published in Engineering Analysis with Boundary Elements.

Chapter 5 introduces two accurate and efficient finite difference RBF-FD methods for pricing European

and American options under liquidity shocks. The problems are formulated as semi-linear complementarity

and PDE systems for American and European options, respectively. For temporal semi-discretization,

two backward difference formulas of order one and two (BDF1 & BDF2) are employed. The stability

xx



and convergence analysis of the proposed methods are provided. For American options, the semi-linear

system of complementarity problems is solved by combining the RBF-FD approach with an operator

splitting method. Numerical examples are provided for both European and American call options, and the

superiority of results are validated against existing literature. Additionally, Greeks (Delta and Gamma)

plots are presented for the American options to illustrate the sensitivity of option prices. Part of the work

in this chapter has been published in International Journal of Computer Mathematics.

Chapter 6 is the concluding chapter, in which the contributions of the thesis are summarized and

directions for future research are outlined.

The references cited in this thesis are listed in the Bibliography, followed by a list of published/communicated

articles based on this work.
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1
INTRODUCTION AND MATHEMATICAL PRELIMINARIES

During the last few decades, derivatives have expanded rapidly and have emerged as one of the most

significant developments in modern finance. Financial derivatives are financial contracts whose value is

derived from the value of underlying assets such as, stocks, bonds, currencies, commodities, or market

indices. They are used primarily for risk management, hedging, speculation, and arbitrage. Common

types of financial derivatives include options, futures, forwards, and swaps [63]. These contracts can be

standardized and traded on exchanges or customized and traded over the counter (OTC). The valuation

of derivative contracts plays a central role in modern financial theory and practice. Since options are the

primary focus of this study, we provide a detailed discussion of their structure, properties, classifications,

pricing models and associated simulation techniques.

1.1 Options

Options are among the most actively traded derivatives in the financial world. An option is a financial

contract that gives the holder the right, but not the obligation, to buy or sell an underlying asset S at a

specific price (the strike price K) before or at expiration (maturity date T ). There are two main types of

options: a call option, which gives the right to buy the underlying asset, and a put option, which gives

the right to sell it. Among the various option styles, the most common are the European, American and

Asian options, which differ in the time restrictions placed on exercising the option and the average price

of the underlying asset.
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Chapter 1. Introduction and Mathematical Preliminaries

1.1.1 European Options

A European option is a financial derivative that can be exercised only at maturity. It gives the holder the

right, but not the obligation, to exercise underlying asset at a predetermined strike price exclusively on the

expiration date. European options are of two types: European call option, which gives the right to buy

the underlying asset at maturity, and European put option, which gives the right to sell the underlying

asset at maturity. The payoff function, which determines the final cash flow, for European call and put

options are respectively given as follows:

Φ(S, T ) = max(S −K, 0), and Φ(S, T ) = max(0,K − S).

For a European call option, if the asset price at maturity exceeds the strike price, the holder makes a

profit, otherwise, payoff is zero. Conversely, for a European put option, if the asset price at maturity is

below the strike price, the holder gains, otherwise, payoff is zero.

European options exist for a wide range of assets, including stocks, stock indices, commodities, curren-

cies, bonds, and even cryptocurrencies. The buyer pays an upfront premium to the seller, which represents

the maximum possible loss if the option expires worthless. Due to their fixed-expiry exercise feature, the

seller cannot be forced to fulfill the contract before the maturity date. Their standardized terms and

simpler settlement procedures, make European options widely traded on major stock indices, particu-

larly in European markets. The most common mathematical model for valuing European options is the

Black-Scholes model.

1.1.2 American Options

American options are financial derivatives that give the holder the right, but not the obligation, to exercise

the option at any time up to its expiration date. Unlike European options, American options allow for early

exercise, providing flexibility to take advantage of favorable price movements, maximize profits, or limit

losses during the life of the option. Similar to European options, there are two main types of American

options: call option, which gives the holder the right to buy the underlying asset at a fixed strike price

and put option, which gives the holder the right to sell the underlying asset at the strike price. The payoff

function of American call and put options are, repectively, as follows:

Φ(S, t) = max(S −K, 0), and Φ(S, t) = max(0,K − S), 0 ≤ t ≤ T.

The early exercise feature generally increases the premium of American options compared to European

options. They are widely used in U.S. markets, particularly for stocks, commodities, where traders often

exploit short-term market shifts. American options are frequently chosen for underlying assets that pay

dividends, as early exercise allows investors to capture dividend payouts.
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1.1.3. Asian Options

1.1.3 Asian Options

Asian options are path-dependent financial derivatives whose payoff depends on the average value of the

underlying asset over a certain time period, rather than its price at maturity. The payoff function of Asian

call and put options are, respectively, as follows:

Φ(S) = max(Savg −K, 0) and Φ(S) = max(0,K − Savg).

where K is the strike price and Savg is the average price of the underlying asset over the specified period.

Asian options reduce sensitivity to short-term market fluctuations and price manipulation, making them

generally less volatile and cheaper than European options. They can be structured as either European-style

or American-style options, and both types are path-dependent.

• The European-style Asian options can only be exercised at Maturity, and their payoff depends on

the average price of the underlying asset over a specified period.

• The American-style Asian options can be exercised at any time up to and including maturity. Their

payoff also depends on the average price of the underlying asset, but the holder can choose the

optimal exercise time before expiration.

1.2 Option Pricing models

Option pricing is a fundamental problem in financial mathematics, concerned with determining the value

of derivative securities whose payoff depends on the price of underlying asset. Pricing derivatives enables

investors to hedge risk and minimize losses arising from fluctuations in asset prices. Underlying assets are

financial objects whose current values are known but may change in the future.

In 1973, Black and Scholes [14] and Merton [97] introduced a pioneering framework for option pricing,

showing that option values can be formulated using deterministic partial differential equations. This Black-

Scholes model soon became a cornerstone of quantitative finance, especially for European options, due to

its simplicity and practical relevance. However, the standard Black-Scholes models [14] assumes constant

volatility and log-normal stock price dynamics, which do not fully align with real market behavior. In

practice, option prices exhibit volatility smiles or skews, where different strikes and maturity imply different

volatilities.

To overcome these limitations, several extensions of the Black-Scholes model have been proposed. One

approach is the local volatility model, where volatility is treated as deterministic function of underlying

asset price and time. Another important development is the stochastic volatility model [57], [61], where

volatility follows a mean-reverting diffusion process, often correlated with the asset price. A third widely

used approach is the jump-diffusion model [96], which incorporates sudden jumps in asset prices to better
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captures volatility skews. Further extensions include Kou’s log-double-exponential jump model [79] and a

variety of Lévy process-based models (see, [8], [21], [30], [94]), allowing for richer jump dynamics. Although

hybrid models combining both stochastic volatility and jumps have also been developed, they are often

computationally expensive and difficult to implement. As a result, researchers frequently rely on jump-

diffusion models with time- and price-dependent volatility as a more balanced and effective alternative.

American options give rise to additional challenges because they can be exercised at any time before

expiration. This early-exercise feature transforms the pricing problem into a free boundary problem [95,

124]. An alternative formulation using variational inequalities was developed in [49] and [13]. Numerical

methods based on these variational inequality techniques are now widely used for approximating American

option prices.

While numerous extensions and alternative financial models have been developed in the existing liter-

ature, this thesis focuses specifically on the following financial model problems:

1.2.1 The Black–Scholes Model

The Black–Scholes model is fundamental to modern derivative pricing, financial risk management, and

market efficiency. It provides a mathematical framework for valuing options and serves as the foundation

for many advanced pricing models used today. The model describes the evolution of an option price

through a PDE derived using stochastic calculus, Itô’s lemma, and no arbitrage principle. The European

option price satisfies the following degenerate and backward-in-time parabolic partial differential equation,

∂U

∂τ
+

1

2
σ2S2 ∂

2U

∂S2
+ (r − d)S

∂U

∂S
− rU = 0. (1.2.1)

By using the transformations τ = T − t, S = Kex and u(x, t) = U(Kex, T − t), the partial differential

equation (1.2.1) is transformed into a non-degenerate and forward in time, as

∂u

∂t
= Lu(x, t), (1.2.2)

where the spatial operator L is defined as

Lu(x, t) = 1

2
σ2 ∂

2u

∂x2
+

(
r − d− 1

2
σ2

)
∂u

∂x
− ru. (1.2.3)

Where, x = ln
(
S
K

)
represents the logarithmic transformation of asset price with respect to the strike price

K, T is the maturity, and the parameter r is the risk-free interest rate, d is the dividend, σ is the volatility

corresponding to asset price.

American Option Formulation

In contrast, an American option can be exercised at any time before or on the expiration date. This early-

exercise feature leads to a Linear Complementarity Problem formulation based on the same underlying
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1.2.2. Black-Scholes Jump-diffusion model

stochastic differential equation:

∂u

∂t
− Lu ≤ 0, (x, t) ∈ R× J,

u(x, t)− Φ(Kex) ≥ 0, (x, t) ∈ R× J,(
∂u

∂t
− Lu

)(
u(x, t)− Φ(Kex)

)
= 0, (x, t) ∈ R× J,

u(x, 0) = Φ(Kex), x ∈ R.

(1.2.4)

where J = (0, T ].

1.2.2 Black-Scholes Jump-diffusion model

The Black-Scholes Jump Diffusion Model mathematically extends the classical Black-Scholes model by

incorporating a jump into the standard diffusion process to capture sudden and discontinuous movements

in asset price. This leads to a Partial Integro-Differential Equation, since the diffusion terms of the

Black–Scholes PDE are supplemented by an integral term representing jumps. The value of an option can

be obtained by solving the following PIDE

∂u

∂t
= Lu(x, t) = Du(x, t) + Iu(x, t), (1.2.5)

where,

Du(x, t) = 1

2
σ2(x, t)

∂2u

∂x2
+ δ(x, t)

∂u

∂x
+ β(x, t)u, (1.2.6)

Iu(x, t) = λ

∫ ∞

−∞
u(y, t)f(y − x)dy. (1.2.7)

Where the maturity is given by T , x = ln( S
K ) represents the logarithmic asset price relative to the strike

price K, λ denotes the jumps intensity, and f(x) is the density function of jump sizes of the log-return x.

The coefficients are given by

δ(x, t) = r − σ2(x, t)

2
− λκ and β(x, t) = −(r + λ).

We consider the density function f(y) as

f(y) =


1√

2πσJ
exp(− (y−µJ )

2

2σ2
J

) Merton’s model,

pη1e
−η1yH(y) + qη2e

−η2yH(−y) Kou’s model,

and u(x, t) satisfies the following localised PIDE:

∂u

∂t
=

1

2
σ2(x, t)

∂2u

∂x2
+ δ(x, t)

∂u

∂x
+ β(x, t)u+ λ

∫ ∞

−∞
u(y, t)f(y − x)dy.

with the initial and boundary conditions for European put option as follows

u(x, 0) = max(K −Kex, 0),
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u(x, t) =

 Ke−rt −Kex : x→ −∞,

0 : x→ +∞.

Since the American option can be exercised at any time prior to maturity, its valuation problem can

be formulated as a linear complementarity problem derived from the underlying stochastic differential

equation, as follows: 

∂u
∂t − Lu ≤ 0 (x, t) ∈ R× J,

u(x, t)− Φ(Kex) ≥ 0 (x, t) ∈ R× J,

(∂u∂t − Lu) (u(x, t)− Φ(Kex)) = 0 (x, t) ∈ R× J,

u(x, 0) = Φ(Ket) x ∈ R,

(1.2.8)

where J = (0, T ] and the spatial operator can be defined as described above and the boundary condition

for American option is

u(x, t) =

 K −Kex : x→ −∞,

0 : x→ +∞.

1.2.3 Regime-switching Jump-diffusion model

The RSJD model is a sophisticated financial framework that extends classical jump-diffusion processes by

allowing the drift, volatility, jump intensity, and jump size to switch among a finite set of regimes. These

regime changes are governed by an underlying Markov or semi-Markov process evolving at random times.

Under the risk-neutral measure, the price of the European option at the jth regime, u(x, t, ej), in the

RSJD model satisfies the following PIDE:

∂u

∂t
(x, t, ej)− Lu(x, t, ej) = 0, (x, t, ej) ∈ R× J ×H, (1.2.9)

where J = (0, T ] and the spatial differential operator can be defined as

Lu(x, t, ej) =
1

2
(σj(x, t))

2 ∂
2u

∂x2
(x, t, ej) +

(
rj − dj −

(σj(x, t))
2

2
− λjκj

)
∂u

∂x
(x, t, ej)− (rj + λj)u(x, t, ej)

+λj

∞∫
−∞

u(y, t, ej)f(y − x, ej)dy + ⟨un , Aej⟩. (1.2.10)

The option value u(x, t, ej) at the time of maturity T is termed as the payoff function. For the European

put option, the payoff function is given by:

uj0(x) = max(K −Kex, 0) (1.2.11)

with a strike price of K. Here x = ln( S
K ) is the log asset price with respect to a strike price K and

L = D + I + E , such that

Du(x, t, ej) =
1

2
(σj(x, t))

2 ∂
2u

∂x2
(x, t, ej) +

(
rj − dj −

(σj(x, t))
2

2
− λjκj

)
∂u

∂x
(x, t, ej)− (rj + λj)u(x, t, ej),

(1.2.12)
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1.2.3. Regime-switching Jump-diffusion model

Iu(x, t, ej) = λj

∞∫
−∞

u(x, t, ej)f(y − x, ej)dy, (1.2.13)

and Eu(x, t, ej) = ⟨un , Aej⟩, (1.2.14)

where ⟨un , Aej⟩ =
Q∑
i=1

uinqi,j , un is a Q dimensional vector un = (u1n, u
2
n, u

3
n, · · · , uQn )T with uj(x, t) =

u(x, t, ej), 1 ≤ j ≤ Q and the function f(y, ej) can be written as:

f(y, ej) =


1√

2πσj
J

exp− (y−µj
J )

2

2(σj
J )

2
Merton model,

pjη
j
1e

−ηj
1yH(y) + qjη

j
2e

−ηj
2yH(−y) Kou model.

The valuation of an American option u(x, t, ej) under RSJD model address the following linear comple-

mentarity problem:

∂u
∂t (x, t, ej)− Lu(x, t, ej) ≥ 0, (x, t, ej) ∈ R× J ×H,

u(x, t, ej)− Φj(Kex) ≥ 0, (x, t, ej) ∈ R× J ×H,(
∂u
∂t (x, t, ej)− Lu(x, t, ej)

) (
u(x, t, ej)− Φj(Kex)

)
= 0, (x, t, ej) ∈ R× J ×H,

uj0(x) = Φj(Kex), x ∈ R.

(1.2.15)

For the American put option, the payoff function is given by:

uj0(x) = max(K −Kex, 0) (1.2.16)

with a strike price of K.

RSJD model for European-style Asian options

Since Asian options depend on the average of the underlying asset price, the state space must be extended

to include both the asset price and its running average. Accordingly, under regime j, the regime switching

model with a change of variables for the pricing of a European-style Asian option satisfies the following

PIDE [81]:

∂u

∂t
(x, t; ej) = Du(x, t; ej) + Iu(x, t; ej) + Eu(x, t; ej), x ∈ (−∞, 0], t ∈ (0, T ], (1.2.17)

where,

Du(x, t; ej) =
σ2
j

2

∂2u

∂x2
(x, t; ej) +

(
ex − 1

Tex
1

Z − T−t
T

− rj −
σ2
j

2
+ dj + λjαj

)
∂u

∂x
(x, t; ej)

−(λj + dj + λjαj − ajj)u(x, t; ej), (1.2.18)

Iu(x, t; ej) = λj

∫ ∞

−∞
eyu(x− y, t; ej)f(y; ej)dy, (1.2.19)

Eu(x, t; ej) =
d∑

l=1,l ̸=j

ajlu(x, t; l), (1.2.20)
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subject to the following initial condition:

u(x, 0; ej) = 0, x ∈ (−∞, 0], (1.2.21)

and the boundary conditions:

u(−∞, t; ej) =
1

(dj − rj)T
(e−rjt − e−djt), t ∈ (0, T ], (1.2.22)

u(0, t; ej) = 0, t ∈ (0, T ]. (1.2.23)

1.2.4 Liquidity-switching model

Liquidity shock models in finance examine the impact of sudden changes in market liquidity, that is, the

ease with which assets can be traded without significantly affecting prices, on asset dynamics and option

valuation. These models capture the risk of abrupt market liquidity, which can significantly alter price

evaluation and trading strategies. By explicitly considering liquidity as a stochastic, and in some cases

regime-switching factor, liquidity shock models extend traditional option pricing frameworks to account

for sudden market frictions and price impacts. As a result, these models provide more realistic valuations

and offer improved guidance for hedging strategies, particularly under stressed market conditions.

The resulting pricing equations are typically coupled through switching terms, which are commonly

governed by a continuous-time Markov chain or a related regime-switching process describing transitions

between liquid and illiquid market states. The indifference prices p = R0 + lnF0(τ)
γ , q = R1 + lnF1(τ)

γ , will

satisfy the parabolic-ordinary system pτ + 1
2σ

2S2pSS − ν01

γ e−γ(q−p) + (d0+ν01)
γ − 1

γ
F

′
0

F0
= 0,

qτ − ν10

γ e−γ(p−q) + ν10

γ − 1
γ

F
′
1

F1
= 0.

(1.2.24)

with the terminal conditions p(S, T ) = q(S, T ) = Φ(S). Although the problem is degenerate and backward

in time, we can transform it into a non-degenerate and forward in-time problem by using the transforma-

tions t = T − τ , u = γR0 and v = γR1, i.e.

ut =
1

2
σ2S2uSS − ae−(v−u) + b, vt = c− ce−(u−v), (1.2.25)

where a = ν01, b = d0 + ν01, c = ν10, γ = 1, and the initial conditions are u(S, 0) = v(S, 0) = γΦ(S).

Consider the solutions u(S, t) and v(S, t) of the following localised system of PDE:

∂u

∂t
= Lu(S, t) and

∂v

∂t
= L∗v(S, t) (1.2.26)

in the spatial domain Ω = (SL, SR). Here, Lu(S, t) = 1
2σ

2S2uSS −ae−(v−u)+ b, L∗v(S, t) = c− ce−(u−v)

and the initial condition is given as u(S, 0) = v(S, 0) = max(S −K, 0). The boundary condition for a call

option can be defined as

u(SL, t) = v(SL, t) = 0, u(SR, t) = v(SR, t) = SR −K. (1.2.27)
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1.3. Radial basis function based numerical methods

The possibility of early exercise for the American option leads to the solution of the following non-linear

complementarity problem:

∂u
∂t − Lu(S, t) ≥ 0, ∂v

∂t − L∗v(S, t) ≥ 0,

u(S, t)− Φ(S) ≥ 0, (∂u∂t − Lu(S, t)) (u(S, t)− Φ(S)) = 0,

v(S, t)− Φ(S) ≥ 0, (∂v∂t − L∗v(S, t)) (v(S, t)− Φ(S)) = 0,

u(S, 0) = Φ(S), v(S, 0) = Φ(S), (S, t) ∈ Ω× J,

(1.2.28)

where J = (0, T ] and the boundary conditions are defined in (1.2.27).

1.3 Radial basis function based numerical methods

Accurate and efficient numerical schemes are essential for solving the partial differential equations and

partial integro-differential equations associated with complex option pricing models, particularly those

incorporating features such as jumps, stochastic volatility, and regime-switching dynamics. In this thesis,

we focus exclusively on RBF based finite difference schemes, and therefore provide only a brief discussion

of these methods.

1.3.1 Radial basis function

Radial basis function is a real valued function which depends only on the distance between the input vector

and a center point. Radial basis functions are well known for approximating multivariate function, which

are known only at a finite number of points. A function φ : Rd → R is called radial basis function provided

there exists a univariate function ϕ : [0,∞) → R such that φ(x) = ϕ(r̃), where r̃ = ∥x∥ and ∥ · ∥ is some

norm on Rd. These functions can be broadly classified into two classes, infinitely smooth and piecewise

Table 1.1: Radial basis functions and their order

RBF ϕ(r̃), r̃ > 0 Order
Multiquadric (MQ) (1 + (ϵr̃)2)υ, υ > 0, υ /∈ N s =⌈υ⌉
Inverse multiquadric (IMQ) (1 + (ϵr̃)2)υ, υ < 0, υ /∈ N s=0

Gaussian (GA) e−(ϵr̃)2 s=0

Polyharmonic spline

{
r̃υ, υ > 0 if υ ∈ 2N− 1
r̃υ log(r̃), if υ ∈ 2N s =

{
⌈υ
2
⌉

υ
2
+ 1

smooth radial basis functions. Classical choices of RBF are given in Table 1.1 with their order, where for

any x ∈ R, the symbol ⌈x⌉ denotes as usual the smallest integer greater than or equal to x.
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1.3.2 Radial basis function approximation

RBF approximation approximates a function as the linear combination of radial basis functions ϕ(∥x−xj∥),

which is radially symmetric about its center. RBF approximation for a given set of distinct nodes Ω :=

{xi ∈ Rd; i = 1, 2, ..., n} and corresponding function values f(xi), i = 1, 2, ..., n, is of the following form:

f(xi) =

n∑
j=1

ℓjϕ(∥xi − xj∥). (1.3.1)

Imposing the interpolation conditions to (1.3.1) yields a symmetric linear system, given as

f = ϕ̂ℓ, (1.3.2)

where f = [f1, f2, . . . , fn]
T , ϕ̂ = (∥ϕ(xi − xj)∥1≤i,j≤n) and ℓ = [ℓ1, ℓ2, . . . , ℓn]

T .

Let ΩM := {x1,x2, . . . ,xM} be a set of arbitrary discrete points in the domain Ω. Using local RBF

based finite difference method, any linear differential operator L at any arbitary node xi ∈ ΩM can be

approximated locally as follows:

L v(xi) =

mi∑
j=1

ωjv(xj), (1.3.3)

where ωj are the unknown differential weights, and mi(<<M) is the stencil size in the sub-domain Ωi ⊂ Ω

containing the approximation point xi. Note that, the set Ωi precisely contain closest mi nodes of ΩM in

the neighbourhood of xi. One of the main components in the approximation of L v(xi) using expression

(1.3.3) is the computation of the weights ωj , which depend on the approximation point xi.

In the traditional finite difference method, generally, the discretization points are equally spaced and

the weights ωj are calculated efficiently by the use of conventional polynomial interpolation. However,

unlike the classical finite difference scheme, in the radial basis function method, the underline interpolation

strategy does not constraint by the uniform distribution of discretization points and can be incorporated

seamlessly even for the randomly distributed nodes. For the radial basis functions interpolation with

polynomial precision, Let v̂(x) stand for the RBF interpolant, which takes the input function v(x) and

interpolates it at the points {xi}mi
i=1 in the sub-domain Ωi. Then, we can express v̂(x) as

v̂(x) =

mi∑
j=1

ℓjϕ(∥x− xj∥) +
l∑

j=1

γjpj(x),

where ∥ · ∥ represents the Euclidean norm and {pj(x)}lj=1 denote basis of
∏d

s−1, which is space of d-variate

polynomials of total degree ≤ s− 1, where s is the order of radial basis function ϕ.

1.3.3 Radial basis function based methods

RBF approximation based methods provide a flexible, meshfree framework for the numerical solution of

differential equations. Over the past years, RBF approximation techniques have been applied to a wide

10



1.3.3. Radial basis function based methods

range of numerical methods to solve various classes of problems. In particular, RBF approximations

have been integrated into Runge-Kutta (RK) methods to improve accuracy and convergence order of

classical RK schemes for solving initial value problems [137]. They have also been combined with weighted

essentially non-oscillatory (WENO) schemes to enhance the accuracy and to better capture oscillations

when solving hyperbolic partial differential equations. In addition, RBF-based techniques have been

successfully applied to the numerical solution of integral equations.

RBF methods have been widely employed in scientific and engineering applications due to their flex-

ibility in handling irregular node distributions, ability to achieve high-order accuracy, and effectiveness

in treating complex geometries and multidimensional problems. Because of their inherent suitability for

scattered data approximation, RBFs can be used to construct both global and localized discretizations for

PDEs.

Over the time, RBF methods have evolved from global interpolation techniques to computationally

efficient local formulations, such as RBF-based finite difference methods and RBF-based partition of unity

methods. In particular, RBF based finite difference method replaces classical finite-difference schemes

by constructing local meshfree stencils based on RBFs. The RBF-FD method combines the meshfree

flexibility of RBF approximation with the computational efficiency of local finite difference discretizations.

Its main idea is to approximate spatial derivatives at given node by constructing a local RBF interpolant

over a set of neighboring points, followed differentiation of the interpolant to obtain sparse diffferentiation

weigths. This localization naturally leads to sparse system matrices, similar to those arising in classical

finite difference methods, while preserving the high accuracy and geometric flexibility inherent to RBF

approximation. As a result, RBF-FD methods have emerged as a powerful and versatile tool for solving

PDEs on irregular domains, scattered data sets, and in higher dimensional settings.

An important aspect affecting the performance of RBF-FD methods is the interplay between the con-

ditioning of the local interpolation matrices and the selection of the shape parameter. For infinitely smooth

radial basis functions, such as Gaussian and multiquadric kernels, the shape parameter governs the flatness

of the basis functions and consequently influences both approximation accuracy and numerical stability.

In general, smaller shape parameter values yield flatter basis functions and often improve approximation

accuracy; however, they simultaneously increase the condition number of the interpolation matrix, leading

to ill-conditioning and a greater sensitivity to round-off errors. Conversely, larger shape parameter values

improve matrix conditioning but may reduce the accuracy of the resulting approximation. This trade-off,

commonly referred to as the accuracy-conditioning dilemma, represents a fundamental challenge in RBF-

based numerical methods. The use of local RBF-FD stencils significantly alleviates the severe conditioning

difficulties typically encountered in global RBF collocation methods, since only small local systems are

solved when constructing differentiation weights. However, this thesis primarily employs thin plate spline
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(TPS) radial basis functions, which do not require a shape parameter and therefore avoid the complexities

associated with shape parameter selection.

1.4 Literature review on numerical methods for option

pricing

We now briefly review the literature on numerical solution approaches for financial problems formulated

as differential equations. Although analytical solutions are available for some classical models, many

practically relevent financial models do not admit closed-form solutions. For example, when the volatility

is not constant, analytical solutions of the Black-Scholes model generally do not exist, even for European-

style options. This limitation has motivated extensive research into the development of efficient and

accurate numerical methods for option pricing and related financial problems.

The development of numerical methods for option pricing within the Black-Scholes framework began

with lattice-based techniques [33, 62]. From a numerical perspective, these lattice methods can be inter-

preted as explicit time-stepping schemes. A clear and comprehensive presentation of their formulation and

implementation is provided in [58]. Alongside lattice approaches, classical finite difference methods have

played a central role in solving option pricing problems numerically. The first finite-difference method

for option pricing was proposed by Brennan and Schwartz [18]. When the coefficients of Black-Scholes

equation are constant or spatially independent, the equation can be transformed into a standard diffusion

equation. This transformation significantly simplifies the numerical treatment and has led to the develop-

ment of a wide range of effective finite difference schemes. However, when the coefficients vary in space,

such a transformation is no longer applicable, and the resulting PDEs must be solved directly, presenting

additional numerical challenges. Finite difference methods designed for Black-Scholes-type equations with

spatially varying coefficients have therefore been investigated in several studies, including [118] and [146].

Beyond the classical Black-Scholes models, a wide variety of financial models have been proposed in

the literature, including jump-diffusion model [79, 96], the regime-switching based models [102], Lévy-

process based models [30], the local volatility model [40, 44], and the stochastic volatility framework [57].

Andersen and Andreasen [7] introduced a straightforward numerical approach for pricing options under a

jump-diffusion process with deterministic volatility depending on both the asset price and time. Regime-

switching models have emerged as one of the rapidly growing areas of interest in computational option

pricing, as they enable the modeling of changing market conditions. In particular, the regime-switching

techniques introduced by Yang et al.[138] provide an effective mechanism to capture stochastic volatility

and fat tailed return distribution, thereby overcoming the limitation of the constant volatility assumption

inherent in lognormal models. In addition to classical finite difference approaches, several meshfree and
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advanced numerical techniques have been proposed for option pricing under jump-diffusion and related

models. Mollapourasl et al.[100] presented radial basis function partition of unity (RBF-PU) method for

the numerical solution of the PIDE arising in European option pricing under jump-diffusion models with

variable coefficients.

For American options, the pricing problem is commonly formulated as a linear complementarity prob-

lem. A free-boundary problem for the price function and the optimal exercise boundary for American

option was first derived by McKean [95], expressing the option price in terms of this boundary. This for-

mulation was later extended by van Moerbeke [124], who analyzed key properties of the optimal exercise

boundary. Building on these analytical studies, Courtadon [32] and Schwartz [113] developed numerical

methods to approximate the resulting free-boundary problem. In the context of jump-diffusion models,

several numerical approaches have been developed to solve the LCP and estimate American option prices

[24, 28, 59, 82, 111, 112]. Shirzadi et al.[114, 115] proposed a mesh-free moving least-squares approxi-

mation and derived the optimal uniform error bounds under the jump-diffusion models for the pricing

option. Kwon and Lee [83] introduced a three-time level implicit numerical method combined with oper-

ator splitting, while using a penalty approach, Huang et al. [59] developed a finite difference scheme on

a piecewise uniform grid to approximate American put option prices under jump-diffusion dynamics. In

addition, several finite element methods have been proposed for related option pricing models [68, 71].

Markovian regime-switching models extends the classical Geometric Brownian Motion (GBM) model

by incorporating a finite-state Markov chain [55]. These models include additional flexibility and unpre-

dictability into the Black-scholes framework, allowing better capture of changes in macro-market conditions

while maintaining a manageable level of model complexity. This is achieved by permitting model param-

eters, including volatility, rate of return, interest rate, and dividend rate, to vary across distinct regimes.

Within this framework, the Regime-switching jump-diffusion model leads to a PIDE for European options

and a LCP for American options, both of which require numerical solution techniques. Costabile et al.[31]

proposed a multinomial technique for pricing the European and American options under the RSJD model,

achieving first-order accuracy in time. Huang et al.[60] investigated several techniques using a penalty

approach for American options under a regime switching stochastic processes. Salmi and Toivanen [111]

developed an iterative method and a family of implicit-explicit time discretization techniques for option

pricing problems. Kadalbajoo et al.[67, 70, 69] examined the effectiveness of mesh-free methods using local

RBFs for option pricing. More recently, Haghi et al.[52] applied an RBF-FD method for pricing American

options under the jump-diffusion models, and Li et al.[87] extended this approach to solve systems of PDEs

arising under regime-switching models.

The pricing and hedging problems associated with European options in markets vulnerable to liquidity

shocks are studied in [92]. The authors introduce a distinct Markovian liquidity component to construct a
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regime-switching description of market liquidity and develop the utility-indifference approach for deriva-

tive valuation. A key contribution of this work is the formulation and analysis of a semi-linear coupled

Hamilton-Jacobi-Bellman equation satisfied by the indifference price, representing the option value that

keeps an investor’s optimal utility unchanged regardless of whether the option is held. The concept of in-

difference pricing, which is closely related to utility-based pricing [20], is particularly relevant in incomplete

markets. In this framework, European options under liquidity shocks are modeled by a coupled system of

PDEs, where one equation is a degenerate parabolic and the other lacks a diffusion term. Koleva et al.[77]

presented a fourth-order compact scheme to solve this parabolic-ordinary system for European options

pricing.

Other studies relevant to option pricing theory are reviewed in later chapters, where these studies are

incorporated as needed to support the proposed methodologies.

1.5 Motivation and Objectives of the work

Despite the extensive literature on numerical methods for option pricing, many existing approaches en-

counter significant challenges when applied to modern and realistic financial models. Classical grid-based

techniques, such as finite difference and finite element methods, rely on structured meshes and often become

inefficient or unstable in the presence of jump integrals, strong regime coupling, semi-linear PDE-ODE sys-

tems, or moving boundaries, as encountered, for example, in Asian options. Monte Carlo methods [17, 88],

while flexible, typically suffer from slow convergence and are poorly suited for handling early-exercise

features of American options for accurately computing PDE-based sensitivities (Greeks). Global RBF

collocation methods [69, 107, 131] offer high accuracy, but their reliance on dense and often ill-conditioned

system matrices makes them computationally expensive for higher-dimensional problems or for models

involving multiple regimes and jump components. In contrast, the local mesh-free RBF techniques pro-

vide an attractive alternative by significantly reducing matrix ill-conditioning through localized supports,

while retaining an implementation simplicity similar to classical finite difference methods. Their flexibility

in stencil construction, controllable accuracy via the shape parameter, and natural scalability to higher

dimensions make it particularly attractive for complex option pricing models.

Motivated by the need to incorporate key market features, such as local volatility, jump diffusion,

regime switching, path dependence and liquidity shocks, within a unified and computationally robust

framework, this thesis focuses on the development of numerical methods for the PIDE systems arising in

European option pricing, the LCP formulations for American-style options, and path-dependent options

such as Asian contracts. These formulations characterize the indifference prices for both the option writer

and the buyer in incomplete market environments. To overcome the shortcomings of existing approaches,

this study proposes a unified numerical framework that combines RBF-FD spatial discretization with
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the IMEX time-stepping and operator splitting techniques. The RBF-FD approach construct sparse and

well-conditioned system matrices, enabling efficient computation on irregular and moving domains. The

IMEX schemes allow stiff diffusion terms to be treated implicitly, while jump integrals, regime-switching

interactions, and nonlinear liquidity components are handled explicitly, ensuring both stability and com-

putational efficiency. Operator splitting further simplifies the treatment of early-exercise constraints by

avoiding expensive nonlinear LCP solvers associated with American option pricing.

Overall, the main objective of the proposed framework is to provide a general, stable, and compu-

tationally efficient numerical methodology for solving complex PIDE systems arising in modern option

pricing models, thereby addressing important gaps in the existing literature. The main objectives of this

thesis are summarized as follows:

• To develop and analyze RBF-FD based IMEX numerical schemes for pricing options under jump-

diffusion, regime-switching, stochastic volatility, and liquidity shock models.

• To establish theoretical stability and convergence results for the proposed time semi-discretization

schemes.

• To conduct comprehensive numerical experiments assessing accuracy, convergence, stability, and

computational efficiency, including comparisons across different option types and model settings.

1.6 Organization of the thesis

This thesis is organized into six chapters. Chapter 1 introduces the research context, reviews the relevant

literature, and outlines the motivation and objectives of the present work.

Chapter 2 focuses on the development of RBF-FD–based IMEX schemes for option pricing under a

jump-diffusion model with local volatility. Three time semi-discretization approaches, namely, Crank-

Nikolson Leap-Frog, Crank-Nikolson Adam-Bashforth, and second-order Backward difference formula,

combined with RBF-FD spatial discretization are proposed, and their stability properties are analyzed.

The proposed framework is further extended to American options through an operator splitting approach

for handling early-exercise constraints. Numerical experiments under standard jump-diffusion models

(Merton and Kou) are presented to validate the proposed methods. Part of the work presented in this

chapter has been published in Engineering Analysis with Boundary Elements.

Chapter 3 extends the developed numerical framework to Markovian regime-switching jump-diffusion

models, addressing both European and American options. Efficient solution strategies are developed for the

corresponding PIDE and LCP formulations, and their stability and convergence properties are investigated

through numerical studies. Part of the work presented in this chapter has been published in Numerical

Algorithms.
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Chapter 4 addresses the pricing of Asian options governed by moving-boundary PIDE systems under

regime-switching jump-diffusion dynamics. A suitable RBF-FD–IMEX scheme is developed, and its stabil-

ity, accuracy, and effectiveness are validated through theoretical analysis and numerical experiments. Part

of the work presented in this chapter has been published in Engineering Analysis with Boundary Elements.

Chapter 5 investigates option pricing models under liquidity shocks, formulating the problem as cou-

pled PDE and linear complementarity systems. Stable and efficient RBF-FD–based schemes are developed

and validated through numerical experiments, including the computation of option sensitivities (Greeks).

Part of the work presented in this chapter has been published in International journal of computer math-

ematics.

Finally, Chapter 6 summarizes the main contributions of the thesis and provides directions for future

research.

Along with the bibliography, a list of papers published or communicated arising from this thesis,

as well as other work completed during the PhD programme, is provided at the end. To maintain the

self-contained nature of each chapter, certain definitions and results are repeated where appropriate.
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RBF BASED SOME IMPLICIT-EXPLICIT FINITE

DIFFERENCE SCHEMES FOR PRICING OPTION UNDER

EXTENDED JUMP-DIFFUSION MODEL
1

This chapter aims to develop and analyze radial basis function-based finite difference implicit-explicit

temporal semi-discretization for pricing the options under Merton and Kou jump-diffusion process with

local volatility.

2.1 Introduction

One of the most extensively used models in option pricing is the Black-Scholes (BS). The volatility in the

typical BS partial differential equation is constant. The constant volatility BS model is generally acknowl-

edged to be practically inadequate since real financial market data exhibit non-constant volatility behavior.

The constant volatility does not represent volatility skew or smile. The volatility smile phenomena are best

explained by extended BS models, which characterize volatilities as a time- and price-dependent function.

The deterministic local volatility function has significant limitations. For beginners, several empirical in-

vestigations have demonstrated that the local volatility function works poorly for hedging in [4, 43]. As

a second point, local volatility models are inadequate for capturing market fluctuations. Much recent

research [10, 42, 66, 89] have proven the presence of jumps and their market influence. The local volatility

function may be calibrated to produce consistent option pricing. Such models have also been considered

1The results discussed in this chapter have been published in Engineering Analysis with Boundary
Elements, 156, 392-406 (2023), https://doi.org/10.1016/j.enganabound.2023.08.021.
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Extended Jump-Diffusion Model

in [7, 44, 75, 84, 100].

In this chapter, we consider a local volatility jump-diffusion model for pricing the value of European and

American options. In order to price the value of options numerically, Andersen and Andreasen [7] sug-

gested a straightforward alternative in which stock dynamics are defined by a jump-diffusion process, and

the diffusion volatility serves as the deterministic volatility function of time and stock price. Recently,

Mollapourasl et al. [100] present an RBF-PU approach to solving the partial integro-differential equation

with variable coefficients in the jump-diffusion model. Meshfree techniques based on radial basis functions

are commonly utilized for solving PDEs because they may give spectral convergence for smooth solutions in

complicated geometries. In recent works, Kadalbajoo et al.[67, 69, 70] examined the efficiency of meshfree

method to deal with option pricing problems based on the local radial basis function for numerically solv-

ing the multi-dimensional option pricing problem and solved the PIDE that occurs when the underlying

asset act in accordance with the jump-diffusion process using an RBF-based approach. Other mesh-free

work can be found in [38, 52, 99, 108, 120] and references therein.

The solution of a linear complementarity problem with a nonlocal integral element is required to estimate

the price of an American option under the jump-diffusion local volatility process. To handle the discretized

linear complementarity problem that arises in American option pricing, numerous solutions have been of-

fered in the literature [24, 28, 59, 82, 105, 111, 112, 132].

Throughout this chapter, we primarily concentrate on numerical pricing of options using an RBD-FD based

IMEX-BDF2, IMEX-CNLF, and IMEX-CNAB methods with careful investigation of the related numerical

techniques for both the Merton [96] and Kou [79] local volatility jump-diffusion models. We discuss the

class of methods for solving the LCP for the American option, considered to be of paramount importance,

viz., the method of operator splitting introduced in [64]. The method of operator splitting is discovered

to be an effective strategy for overcoming the problem of linear complementarity for determining the price

of American-style options. Aside from effectively applying to a variety of Black-Scholes models. It is also

extremely simple to implement, because both the differential and complementarity requirements can be

readily separated and are known to be rather straightforward to solve. The splitting associated with the

slack function and its complementarity criteria represents the major problem. Many authors [15, 22, 65]

have successfully applied the operator splitting technique to solve the LCPs. Lee et al. [83] suggested a

three-time level implicit numerical method combined with an operator splitting technique to approximate

the value of American options when the underlying asset behaves according to a jump-diffusion model for

these kinds of issues.

In this work, we proposed radial basis function finite difference-based implicit-explicit techniques

for pricing option in local volatility jump-diffusion models that leads to tridiagonal coefficient matrices.

Although there are a variety of approaches for solving LCPs, we employ the operator splitting method [64]
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to deal with the inequality restrictions. To avoid iterative procedures, we paired the Backward difference

methods with the operator splitting method to evaluate the value of the American option.

The rest of the chapter is structured in the following manner. In Sect. 2.2, we start with defining the

notations and preliminaries for the local volatility jump-diffusion model, describing the basic notations,

symbols, and presumptions used throughout this chapter and the construction of the PIDE and its asso-

ciated characteristics. In Sect. 2.3, we propose three discretization schemes. In Sect. 2.4 we present the

IMEX-OS discretization for the American option. In Sect. 2.5, we provide some numerical experiments in

support of our results and associated discussions.

2.2 Jump Diffusion Model with Local Volatility

In this section, we’ll go over the mathematical concepts behind the “jump-diffusion process” described

in options. Consider the asset’s equity price to be S(τ). We assume that the time-series analysis of this

variable is described by a jump diffusion process of the form,

dS(τ)

S(τ−)
= (r − κλ)dτ + σ(S(τ−), τ)dW (τ) + (η − 1)dq(τ), (2.2.1)

where {η(τ)}τ≥0 is a sequence of positive, independent random variables with a maximum density function

of G (·; τ), that varies with time and follow the given properties: G (η) ≥ 0, ∀ η and
∞∫
0

G (η)dη = 1. σ(S, τ)

is a bounded time and space dependent local volatility function, τ is the time to maturity, dW is an

enhancement of standard Gauss-Wiener process, r is the risk-free interest rate. Here λ is taken as the

intensity of the independent Poisson process dq

dq =

 0 if probability is 1− λdτ,

1 if probability is λdτ.

Here κ is expected relative jump size that is κ = E(η − 1), E[·] represent the expectation operator and

η − 1 is a impulse function producing jump from S to Sη.

Under the aforementioned assumptions, the value of a European-style contingent claim U(S, τ) satisfies

the following backward partial integro-differential equation depending on the underlying stock price S and

time τ (see [50, 103]).

∂U

∂τ
=

1

2
σ2(S, τ)S2 ∂

2U

∂s2
+ (r − κλ)S

∂U

∂S
− rU

+ λ


∞∫
0

U(Sz, τ)G (z; τ)dz − U(S, τ)

 , (S, τ) ∈ (0,∞)× [0, T ). (2.2.2)

The option value U(S, T ) at the time of maturity T is termed as pay-off function. For put option the

pay-off function is given by:

Φ(S) = max(K − S, 0) (2.2.3)
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with strike price K. The notation G (η) stands for the log-normal density in Merton’s jump-diffusion model

G (η) :=
1√

2πσJη
exp− (ln η − µJ)

2

2σ2
J

,

where κ := E (η − 1) = exp
(
µJ +

σ2
J

2

)
− 1, µJ and σ2

J are the mean and the variance of jump in return.

According to the Kou’s model, the log-double-exponential density is represented by G (η),

G (η) :=
1

η

(
pη1e

−η1 ln(η)H(ln(η)) + qη2e
−η2 ln(η)H(− ln(η))

)
,

where H(·) represents a Heaviside function with p > 0, q = 1 − p, η1 > 1 , η2 > 0 and κ is given by

κ := pη1

η1−1 + qη2

η1+1 − 1.

After implementing the variable swap t = T − τ and x = ln( S
K ) in (2.2.2), we have

∂u

∂t
= Lu(x, t) := Du(x, t) + Iu(x, t), (2.2.4)

Du(x, t) = 1

2
σ2(x, t)

∂2u

∂x2
+ δ(x, t)

∂u

∂x
+ β(x, t)u, (2.2.5)

Iu(x, t) = λ

∫ ∞

−∞
u(y, t)f(y − x)dy. (2.2.6)

The time left before maturity T , denoted by t = (T − τ), x = ln( S
K ) is the asset’s logarithmic price at a

specified strike price K, u(x, t) = U(Kex, T − τ), λ is taken as the jumps intensity and f(x) is the density

function of jump sizes of the log return x. Where δ(x, t) = r − σ2(x,t)
2 − λκ and β(x, t) = −(r + λ).

After applying the given transformation, we can write the function f(y) as:

f(y) :=


1√

2πσJ
exp(− (y−µJ )

2

2σ2
J

) Merton’s model,

pη1e
−η1yH(y) + qη2e

−η2yH(−y) Kou’s model.

Consider the solution of the following localised PIDE, u(x, t)

∂u

∂t
=

1

2
σ2(x, t)

∂2u

∂x2
+ δ(x, t)

∂u

∂x
+ β(x, t)u+ λ

∫ ∞

−∞
u(y, t)f(y − x)dy.

u(x, 0) = max(K −Kex, 0),

u(x, t) =

 Ke−rt −Kex : x→ −∞,

0 : x→ +∞

As we can exercise the American option at any time up to the life of the option and we can formulate it

as the linear complementarity problem based on the SDE (2.2.1),

∂u
∂t − Lu ≥ 0 (x, t) ∈ R× J,

u(x, t)− Φ(Kex) ≥ 0 (x, t) ∈ R× J,

(∂u∂t − Lu) (u(x, t)− Φ(Kex)) = 0 (x, t) ∈ R× J,

u(x, 0) = Φ(Kex) x ∈ R,

(2.2.7)
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where J = (0, T ] and the spatial operator can be defined as described above and the boundary condition

for American option is

u(x, t) =

 K −Kex : x→ −∞,

0 : x→ +∞

2.3 Discretization

In this part, we will discuss the Crank-Nicolson Leap-Frog, Crank-Nicolson Adam Bashforth, and BDF2,

implicit-explicit temporal discretization techniques for the subsequent PIDE (2.3.1) on the reduced domain

Ω.
∂u

∂t
= Du(x, t) + Iu(x, t), (2.3.1)

For numerical approximation of the integral operator Iu(x, t), firstly we separate the integral into two

different parts on Ω := (xL, xR) and on Ωc := R \ Ω and split the integral operator as

Iu(x, t) = λ

∫
Ω

u(y, t)f(y − x)dy +R(x, t). (2.3.2)

Because of the asymptotic behaviour of the option over the domain R \ Ω, the integral is defined as

R(x, t) := λ

∫
Ωc

(Ke−rt −Key)f(y − x)dy. (2.3.3)

In case of the European put option, R(x, t) is defined as:

R(x, t) :=

 Ke−rtN
(

xL−x−µj

σj

)
−Kex+µj+

σ2
j
2 N

(
xL−x−µj−σ2

j

σj

)
Merton’s model,

K(1− p)e−rt+η2(xL−x) −K(1− p) η2

η2+1e
−η2x+(η2+1)xL Kou’s model.

We can reformulate the above expression for American put option as:

R(x, t) :=

 KN
(

xL−x−µj

σj

)
−Kex+µj+

σ2
j
2 N

(
xL−x−µj−σ2

j

σj

)
Merton’s model,

K(1− p)eη2(xL−x) −K(1− p) η2

η2+1e
−η2x+(η2+1)xL Kou’s model,

where N (·) represents the cumulative normal distribution. To approximate the integral term on truncated

domain Ω, we used the composite trapezoidal rule.

2.3.1 Time Discretization

Let the system (2.3.1), be initially discretized in time with uniform grid tn = nk, n = 0, 1, 2, . . . , N with

uniform temporal mesh length k, with u(x, tn) abbreviated as un.

Now, we have a brief discussion about three IMEX methods for the temporal discretization of PIDE (2.3.1).

IMEX-BDF2 method

3un+1 − 4un + un−1

2k
= Dun+1 + λI(E1un) n ≥ 1, (2.3.4)
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un+1(xL) = Ke−rtn+1 −KexL , un+1(xR) = 0, (2.3.5)

where, E1un = 2un − un−1.

IMEX-CNAB method

un+1 − un
k

= D(
un+1 + un

2
) + λI(E2un) n ≥ 1, (2.3.6)

un+1(xL) = Ke−rtn+1 −KexL , un+1(xR) = 0, (2.3.7)

where, E2un = 3un−un−1

2 .

IMEX-CNLF method

un+1 − un−1

2k
= D(

un+1 + un−1

2
) + λI(un) n ≥ 1, (2.3.8)

un+1(xL) = Ke−rtn+1 −KexL , un+1(xR) = 0. (2.3.9)

IMEX-BDF2, IMEX-CNAB and IMEX-CNLF techniques require two starting numbers on the zeroth and

first time levels, where initial condition gives the value u0 at the zeroth time level, and the value u1 can

be evaluated by using the implicit-explicit backward difference technique of order one. Now we prove the

stability of all the above discussed time discretization schemes. The PIDE (2.3.1) variable coefficients are

subject to various assumptions (A1, A2) for the stability investigation, as detailed in [2].

(A1) Theoretical Analysis of the suggested techniques requires that all variable coefficients, σ, δ, and β,

be continuous and adequately regular.

(A2) Let there exists σ > 0 and σ̄ > 0 such that for all (x, t) ∈ Ω̄× (0, T ],

0 < σ < σ(x, t) < σ̄.

We will frequently use the following result through out our analysis:

(DU,U) =
1

2
(σ̄)2(Uxx, U) + (r − 1

2
(σ̄)2 − λκ)(Ux, U)− (r + λ)(U,U)

= − (σ̄)2

2

(
∥Ux −

(r − (σ̄)2

2 − λκ)

(σ̄)2
U∥2

)
+

(r − (σ̄)2

2 − λκ)2 − 2(r + λ)(σ̄)2

2(σ̄)2
∥U∥2

≤

(
r − (σ̄)2

2 − λκ
)2

−
(
2(r + λ)(σ̄)2

)
2(σ̄)2

∥U∥2

≤ α∥U∥2, (2.3.10)

where α = | (r−
(σ̄)2

2 −λκ)2−(2(r+λ)(σ̄)2)
2(σ̄)2 |.

We will frequently use the Young’s inequality for all a, b ∈ R with ϵ∗ (valid for every ϵ∗ > 0), i.e,

(a, b) ≤ ϵ∗a2 +
1

4ϵ∗
b2. (2.3.11)
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We shall use the following result in analysis, for all u(·, t) ∈ L2(Ω), t ∈ (0, T ) such that

u(x, t) = u(x, t) : (x, t) ∈ Ω× [0, T ], and u(x, t) = 0 : (x, t) ∈ Ωc × [0, T ].

Mathematical requirement that the integral operator Iu is given as

∥Iu(·, t)∥ ≤ CI∥u(·, t)∥,

where CI is a constant that is independent of t and ∥u∥ :=
(∫

Ω
|u(x)|2dx

) 1
2 .

Consider the solutions un and ũn to the equations (2.3.4) and the perturbed equation (2.3.12), respectively.

3ũn+1 − 4ũn + ũn−1

2k
= Dũn+1 + λI(E1ũn) + Tn+1 n ≥ 1 (2.3.12)

combined with the conditions at the boundaries

ũn+1(xL) = Ke−rtn+1 −KexL , ũn+1(xR) = 0 (2.3.13)

As we go forward in time, we will analyse the impact of the Tn perturbation on the data at each successive

time level tn. To prove stability in time discretization, we will demonstrate that the error at each time

level is limited by the error at the starting time level (t0 & t1; for all mentioned approaches) and is a

bounded multiple of the discussed perturbations.

Now we can provide an accurate description of the error representation ϵn := ũn − un. Since we are

addressing the same boundary conditions, in both the referenced (2.3.4− 2.3.5) and perturbed equations

(2.3.12−2.3.13). Therefore, ϵn will be zero-valued at the boundaries. Similarly we can get the perturbation

equation for other schemes.

Theorem 2.3.1 (BDF2). Under the assumption k < 1
2(2α+1+λCI)

the scheme is stable in the following

sense:

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + max
2≤n≤m

m∑
n=2

∥Tn∥2],

where C is a constant that depends on the parameters CI , r, σ, λ and T .

Proof. Consider the equations (2.3.4) and (2.3.12), we get,

3ϵn+1 − 4ϵn + ϵn−1

2k
= Dϵn+1 + λI(E1ϵn) + Tn+1 (2.3.14)

ϵn+1(xL) = 0, ϵn+1(xR) = 0 (2.3.15)

Taking the inner product of both sides of the equation (2.3.14) with 4kϵn+1(
3ϵn+1 − 4ϵn + ϵn−1

2k
, 4kϵn+1

)
= (Dϵn+1, 4kϵn+1) + (λI(E1ϵn), 4kϵn+1) + (Tn+1, 4kϵn+1) (2.3.16)
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Now, we will use the identity 2 (3a− 4b+ c, a) = a2 + (2a− b)2 − b2 − (2b− c)2 + (a− 2b+ c)2 in LHS of

(2.3.16), we get

∥ϵn+1∥2 − ∥ϵn∥2 + ∥2ϵn+1 − ϵn∥2 − ∥2ϵn − ϵn−1∥2 ≤ 4k(Dϵn+1, ϵn+1) + 4kλ(I(E1ϵn), ϵn+1)

+4k(Tn+1, ϵn+1). (2.3.17)

Now the relation (2.3.10) implies,

∥ϵn+1∥2 − ∥ϵn∥2 + ∥2ϵn+1 − ϵn∥2 − ∥2ϵn − ϵn−1∥2 ≤ 4kα∥ϵn+1∥2 + 4kλ(I(E1ϵn), ϵn+1)

+4k(Tn+1, ϵn+1). (2.3.18)

∥ϵn+1∥2 − ∥ϵn∥2 + ∥2ϵn+1 − ϵn∥2 − ∥2ϵn − ϵn−1∥2 ≤ k (4α+ 2 + 2λCI) ∥ϵn+1∥2 + 16kλCI∥ϵn∥2

+4kλCI∥ϵn−1∥2 + 2k∥Tn+1∥2. (2.3.19)

Summing up the above inequality for n = 1 to n = m− 1, we get

∥ϵm∥2 − ∥ϵ1∥2 − ∥2ϵ1 − ϵ0∥2

≤ k[4λCI∥ϵ0∥2 + 20λCI∥ϵ1∥2 + (4α+ 2 + 22λCI)
m−1∑
n=2

∥ϵn∥2 + 2

m∑
n=2

∥Tn∥2 + (4α+ 2 + 2λCI) ∥ϵm∥2].

Now imagine that the k is small enough such that (1− k(4α+ 2 + 2λCI)) > 0 or k < 1
(4α+2+2λCI)

, then

above inequality implies,

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 + k

m∑
n=2

∥Tn∥2]

≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 +mk max
2≤n≤m

m∑
n=2

∥Tn∥2]. (2.3.20)

We know that mk ≤ T , then we have

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 + max
2≤n≤m

m∑
n=2

∥Tn∥2], (2.3.21)

where C is a generic constant that is unaffected by the extent of the grid. The discrete Gronwall’s inequality

(for more information, see Lemma 3.1 in [70]) is now applied, and the outcome is obtained.

Theorem 2.3.2 (IMEX-CNLF). Under the assumption k < 1
β the scheme is stable in the following sense:

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + max
2≤n≤m

m∑
n=2

∥Tn∥2],

where C is a constant that depends on the parameters CI , r, σ, λ and T .
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Proof. Consider the equations (2.3.8) and (2.3.12), we get,

ϵn+1 − ϵn−1

2k
= D

(
ϵn+1 + ϵn−1

2

)
+ λI(ϵn) + Tn+1, (2.3.22)

ϵn+1(xL) = 0, ϵn+1(xR) = 0. (2.3.23)

Taking the inner product of both sides of the equation (2.3.14) with 2kϵn+1(
ϵn+1 − ϵn−1

2k
, 2k(ϵn+1 + ϵn−1)

)
=

(
D
(
ϵn+1 + ϵn−1

2

)
, 2k(ϵn+1 + ϵn−1)

)
(2.3.24)

+ (λI(ϵn), 2k(ϵn+1 + ϵn−1)) + (Tn+1, 2k(ϵn+1 + ϵn−1)) .

Simplifying the left hand side of (2.3.24), we get

∥ϵn+1∥2 − ∥ϵn−1∥2 =

(
D
(
ϵn+1 + ϵn−1

2

)
, 2k(ϵn+1 + ϵn−1)

)
+ (λI(ϵn), 2k(ϵn+1 + ϵn−1))

+ (Tn+1, 2k(ϵn+1 + ϵn−1)) . (2.3.25)

Now the relation (2.3.10) implies,

∥ϵn+1∥2 − ∥ϵn−1∥2 ≤ kα∥ϵn+1 + ϵn−1∥2 + (λI(ϵn), 2k(ϵn+1 + ϵn−1))

+ (Tn+1, 2k(ϵn+1 + ϵn−1)) , (2.3.26)

∥ϵn+1∥2 − ∥ϵn−1∥2 ≤ 2k(α+ λCI + 1)(∥ϵn+1∥2 + ∥ϵn−1∥2)

+kλCI∥ϵn∥2 + k∥Tn+1∥2. (2.3.27)

Let β1 = 2(α+ λCI + 1), β2 = λCI and we have choose a parameter β such that

β = max{β1, β2}.

We have,

∥ϵn+1∥2 − ∥ϵn−1∥2 ≤ kβ(∥ϵn+1∥2 + ∥ϵn−1∥2 + ∥ϵn∥2) + k∥Tn+1∥2. (2.3.28)

In order to maintain the generality, let’s suppose that m is an integer. Then, after summing up the

inequality (2.3.28), for n = 1 to n = m− 1

∥ϵm∥2 + ∥ϵm−1∥2 − ∥ϵ0∥2 − ∥ϵ1∥2

≤ kβ[∥ϵ0∥2 + 2∥ϵ1∥2 + 3

m−1∑
n=2

(∥ϵn∥2) + (∥ϵm∥2 − ∥ϵm−1∥2)] + k

m−1∑
n=1

∥Tn+1∥2.

Now imagine that the k is tiny enough such that (1− kβ) > 0 or k < 1
β , then above inequality implies,

∥ϵm∥2 + ∥ϵm−1∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 + k

m∑
n=2

∥Tn∥2]
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≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 +mk max
2≤n≤m

m∑
n=2

∥Tn∥2]. (2.3.29)

We know that mk ≤ T , then we have

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + k

m−1∑
n=2

∥ϵn∥2 + max
2≤n≤m

m∑
n=2

∥Tn∥2], (2.3.30)

where C is a generic constant that is unaffected by the extent of the grid. The discrete Gronwall’s inequality

(more details see, Lemma 3.1 in [70]) is now applied, and the outcome is obtained.

Theorem 2.3.3 (IMEX-CNAB). Under the assumption k < 1
γ the scheme is stable in the following sense:

∥ϵm∥2 ≤ C[∥ϵ0∥2 + ∥ϵ1∥2 + max
2≤n≤m

m∑
n=2

∥Tn∥2].

Where γ1 = α + λCI + 1, γ2 = α + 13
4 λCI + 1, γ3 = λCI

4 . γ = max{γ1, γ2, γ3} and C is a constant that

depends on the parameters CI , r, σ, λ,T .

Proof. The proof is similar to that of Theorem 2.3.2.

In the following subsection, we describe the radial basis function based finite difference technique that

we use to solve the resulting temporal semi discretize algorithm.

2.3.2 Spatial Discretization

A function φ : Rd → R is called radial provided there exists a univariate function ϕ : [0,∞) → R such that

φ(x) = ϕ(r̃), where r̃ = ∥x∥ and ∥ · ∥ is Euclidean norm on Rd. These functions can be broadly classified

into two classes, infinitely smooth and piecewise smooth radial basis functions. Classical choices of RBF

are given in Table 1.1 with their order, where for any x ∈ R, the symbol ⌈x⌉ denotes as usual the smallest

integer greater than or equal to x. The Gaussian and inverse Multiquadric are positive definite functions

where as thin plate spline and multiquadric are conditionally positive definite functions of order s > 0. In

this section, we briefly discuss the implementation of the local radial basis function-based finite difference

scheme because, as we pointed out in the introduction, the proposed numerical scheme uses the radial

basis function meshless method for spatial discretization.

Let ΩM := {x1,x2, . . . ,xM} be a set of arbitray discrete points in the domain Ω then using local RBF-

FD based method, any linear differential operator L at any arbitrary node xi ∈ ΩM can be approximated

locally as follows:

L v(xi) =

mi∑
j=1

ωjv(xj), (2.3.31)

where ωj are the unknown differential weights, and mi(<<M) is the stencil size in the sub-domain Ωi ⊂ Ω

containing the approximation point xi. Note that, the set Ωi precisely contain closestmi nodes of ΩM in the
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neighbourhood of xi. One of the main component in the approximation of L v(xi) by means of expression

(2.3.31) is the computation of weights ωj as it depend on the approximation point xi. In the traditional

finite difference method, generally, the discretization points are equally spaced, and the weights ωj are

calculated efficiently by the use of conventional polynomial interpolation. However, unlike the classical

finite difference scheme, in the radial basis function method, the underline interpolation strategy does not

constraint by the uniform distribution of discretization points and can be incorporated seamlessly even for

the randomly distributed nodes. The RBF interpolation strategy that we have used for approximation of

weights ωj describes in what follows.

Let v̂(x) stand for the RBF interpolant, which takes the input function v(x) and interpolates it at the

points {xi}mi
i=1 in the sub-domain Ωi. Then, we can express v̂(x) as

v̂(x) =

mi∑
j=1

ℓjϕ(∥x− xj∥) +
l∑

j=1

γjpj(x), (2.3.32)

where ∥ · ∥ represents the Euclidean norm and {pj(x)}lj=1 denote basis of
∏d

s−1, which is space of d-variate

polynomials of total degree ≤ s− 1, where s is the order of radial basis function ϕ.

By enforcing the following interpolation and orthogonality constraints, the coefficients ℓj and γj utilised

in equation (2.3.32) can be obtained;

v̂(xi) = v(xi), 1 ≤ i ≤ mi, (2.3.33)
mi∑
j=1

ℓjpk(xj) = 0, 1 ≤ k ≤ l. (2.3.34)

Now all the unknowns in the (2.3.32) can be obtained by solving the following linear system Ψ P

P⊺ O

ℓ
γ

 =

v |Ωi

O

 , (2.3.35)

where Ψ := (ϕij)1≤i,j≤mi
:= (ϕ∥xi − xj∥)1≤i,j≤mi

∈ Rmi×mi ,P := (pj(xi))1≤i≤mi,1≤j≤l ∈ Rmi×l.

We can compute the differential weights wj used in the equation by forcing the linear combination (2.3.31)

to be accurate for RBFs {ϕ(∥x − xi∥)}mi
i=1, centred at each of the grid assessment points in sub-domain

Ωi. Therefore, the weights are derived by solving the following linear system using RBFs and polynomials

up to degree l.  Ψ P

P⊺ O

ω
u

 =

[L ϕ(∥yi − yj∥)
mi
j=1]

⊺

[L pj(yi)
l
j=1]

⊺

 (2.3.36)

it is crucial to know that the equation on the right (2.3.36) is simply

[L ϕ(∥xi − x1∥) L ϕ(∥xi − x2∥) . . .L ϕ(∥xi − xmi∥) | L p1(xi) L p2(xi) . . .L pl(xi)]
⊺.
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It is easy to see that the linear system (2.3.36) is significantly smaller than the global RBF collocation

system (size M+ l) since its size is just mi+ l. Therefore, it offers an equation system that is more reliable

and productive.

2.4 American Option

The RBF-based IMEX technique described in the preceding part can be adapted to solve LCP (2.2.7) for

American option problems using the operator splitting method introduced by the Ikonen and Toivanen [64]

for determining the American put option. The primary idea behind introduction of the operator splitting

method is to derive an expression with the help of an additional variable ψ such that ψ = ut − Du. We

can reformulate LCP (2.2.7) as: 

∂u
∂t −Du− λI(un) = ψ,

(u(x, t)− Φ(Kex)) · ψ = 0,

u(x, t)− Φ(Kex) ≥ 0,

ψ ≥ 0,

(2.4.1)

in the region Ω × J .

2.4.0.1 IMEX-BDF2-OS method

Let us assume that the values {un, ψn} and {un−1, ψn−1} are a priori known at the points tn and tn−1.

Now, we perform two sub-step at discrete point tn+1; in first step, we compute an intermediate value ũn+1

using the following BVP 1
k

(
3
2 ũn+1 − 2un + 1

2un−1

)
= Dũn+1 + λI(E1un) + ψn,

ũn+1(xL) = K, ũn+1(xR) = 0.
(2.4.2)

Here, the second step of the operator splitting method proceeds with projecting the ũn+1 on constraint

space to obtain un+1 with following correction terms

3
2
un+1−ũn+1

k = ψn+1 − ψn,

un+1 ≥ Φ,

ψn+1 ≥ 0,

ψn+1(un+1 − Φ) = 0.

(2.4.3)

By solving the problems (2.4.3), in (un+1, ψn+1) plane, we get

(un+1, ψn+1) =

 (Φ, ψn + 3
2
Φ−ũn+1

k ) if ũn+1 − 2k
3 ψn ≤ Φ,

(ũn+1 − 2k
3 ψn, 0) otherwise.

(2.4.4)

Hence, one can perform the first step by solving discrete equation (2.4.2) and the second step with the

help of the revised formula (2.4.4). The aforementioned implicit method with three levels of time needs
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the values obtained from the earlier two time levels. The pair (u0, ψ0) at zeroth time level can be acquired

by making use of the initial condition and assigning the value given by ψ0 = 0. To get the pair (u1, ψ1) at

the next level succeeding the zeroth time level, we can use BDF1-OS method.

2.4.0.2 IMEX-CNLF-OS method

Following the previous procedure, for this case in the first step, we compute the intermediate value ũn+1

from the equations (
ũn+1 − un−1

2k

)
= D

(
ũn+1 + un−1

2

)
+ λIun + ψn. (2.4.5)

Similarly, from previous steps, we use this intermediate solution in the second step to obtain un+1 with

following correction: 

un+1−ũn+1

2k = ψn+1 − ψn,

ψn+1(un+1 − Φ) = 0,

un+1 ≥ Φ,

ψn+1 ≥ 0.

(2.4.6)

Now we will update (un+1, ψn+1), with

(un+1, ψn+1) =

 (Φ, ψn + Φ−ũn+1

2k ) if ũn+1 − 2kψn ≤ Φ,

(ũn+1 − 2kψn, 0) otherwise.
(2.4.7)

Since, the above operator splitting scheme is three step scheme, for computing first step (u1, ψ1) we can

use BDF1-OS method.

2.4.0.3 IMEX-CNAB-OS method

Now, we find an expression for the CNAB discretization. Following the previous procedure, the two

sub-step performed at tn+1. In the first step, we compute the intermediate value ũn+1 from the equations(
ũn+1 − un

k

)
= D

(
ũn+1 + un

2

)
+ λI(E2un) + ψn. (2.4.8)

Similarly, from previous steps, we use this intermediate solution in the second step to obtain un+1 with

following correction: 

un+1−ũn+1

k = ψn+1 − ψn,

ψn+1(un+1 − Φ) = 0,

un+1 ≥ Φ,

ψn+1 ≥ 0.

(2.4.9)

Finally, in second step, we can be solve in (un+1, ψn+1) plane, with adaptation of

(un+1, ψn+1) =

 (Φ, ψn + Φ−ũn+1

k ) if ũn+1 − kψn ≤ Φ,

(ũn+1 − kψn, 0) otherwise.
(2.4.10)
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Since, the IMEX-CNAB operator splitting scheme is three step scheme, for computing first step (u1, ψ1)

we can use BDF1-OS method.

2.5 Computational Results

In this section, we discuss a number of computational experiments to demonstrate the effectiveness and

precision of the proposed numerical methods in order to determine the value of European and American

put options using local volatility models with jumps. To compute the differential operator, we use the thin

plate spline (r̃4 ln r̃) radial basis functions. To discretize the integral term (2.3.2) on truncated domain

Ω, we used the composite trapezoidal rule. We applied the Fast Fourier Transformation (FFT) algorithm

[5, 83] to compute the product of a dense matrix and a column vector in the discrete integral operator.

The computational error generated by the numerical methods was calculated by the double mesh principle

at different asset prices by maintaining the shape parameter constant. In all computational examples,

equal distance grid with mi = 3 is used. In all the computational investigations first step is calculated by

IMEX-BDF1 method. We used MATLAB R2022b on a PC with Processor Intel(R) Core(TM) i5-10500

CPU @ 3.10GHz, 3096 Mhz, 6 Core(s), 12 Logical Processor(s) and 16.00GB RAM.

We have shown the option value and the computational errors for all the three cases when the option

holder is in the money, at the money or out the money S = 90, 100, 110. To compute the errors we used

the difference between successive numerical solutions as the following formula,

Error =

∣∣∣∣U(k, h)− U(
k

2
,
h

2
)

∣∣∣∣ ,
where U(k, h) is the computed price of option with temporal mesh length k and spatial mesh length h.

We showed the option value and some greeks value of option for the local volatility σ1(x, t).

The operator splitting approach was used to handle the inequality restrictions in the LCP for American

option pricing. We applied the IMEX-BDF2, IMEX-CNLF and IMEX-CNAB techniques joined with the

operator splitting method, it produced a linear system at each time step that can be easily solved by LU

decomposition without the use of fixed point iteration.

To estimate the price of option at non-grid points of stock price, we applied the piecewise cubic Hermite

interpolation. In connection to the spatial variable, the cubic spline was applied to ensure accuracy of given

methods. Throughout all of the tests, we have calculated the error at different stock price S = 90, 100, 110

withM spatial discretization points in the spatial computational domain Ω := [−1.5, 1.5] and N is denoting

to the temporal discretization points.

Since volatility is an important factor in investing decisions, modeling and forecasting volatility are of

paramount importance for market practitioners. In order to price derivative securities, financial institutions

need to forecast stock price volatility. The volatility smile phenomena is best explained by local volatility
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Figure 2.1: Local volatility surfaces for both the functions.

models, which define volatilities as a deterministic function of current stock prices and time. In [75] Kim

and Lee explained the challenges of constant and Local volatility and then address the numerical and

theoretical treatments for these challenges. For the generalised Black-Scholes equation, Kim [76] provide

a mathematical approach for the reliable and precise construction of a local volatility surface. To perform

numerical simulation, we have taken two local volatility functions to decribe the effects of local volatility

surface in option pricing:

σ1(x, t) = 0.15 + 0.15(0.5 + 2(T − t))
(Kex

100 − 1.2)2

((Kex

100 )
2 + 1.44)

, (2.5.1)

which was also used in [121], and

σ2(x, t) = 0.15 + 0.15(0.5 + 2(T − t))
(Kex

100 − 0.5)2

((Kex

100 )
2 + 1.44)

, (2.5.2)

which was also employed in [70]. Both the volatility surfaces are shown in Figure (2.1) with respect to

time and asset price, where asset price is denoted by space. The Kou model in [79] and Merton model in

[96] are the two jump-diffusion models that are most prominently adopted for pricing option value. We

begin by taking into account the Merton model, where suitable parameters are given by:

σ = σ1 and σ2, r = 0.05, T = 0.25, K = 100, σJ = 0.45, µJ = −0.90, λ = 0.10, (2.5.3)

and for Kou model we have taken the parameters as:

σ = σ1 and σ2, r = 0.05, T = 0.25, K = 100, η1 = 3.0465, η2 = 3.0775, p = 0.3445, λ = 0.10. (2.5.4)

In order to price the European and American put options with a reduced domain of xL = −1.5 and

xR = 1.5, [69, 70, 121] also use these parameters.
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2.5.1 European Option

Example 2.5.1. First, we consider the Merton’s jump diffusion model to price the European put option,

where σ(x, t) = σ1(x, t).

We have computed the error and option value at different asset prices for IMEX-BDF2, IMEX-CNLF

and IMEX-CNAB methods under Merton’s model for pricing European put options and data are given in

Table 2.1. We can observe that the convergence rate attains its asymptotic order when the temporal mesh

is sufficiently small. We saw that, all the proposed methods are nearly second order accurate in time. We

have shown the option values and some greeks for IMEX-BDF2, IMEX-CNLF and IMEX-CNAB methods

in Fig. 2.2. The graphs show that there is little to no erratic movement in option values close to the strike

price.

Table 2.1: Numerical results for European put options under the Merton’s jump-diffusion model with
local volatility σ1(x, t) using the specified parameters at various stock prices as given in (2.5.3).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.336388 - 3.182687 - 1.410097 -
BDF2 257 50 9.323776 1.2612e-02 3.184479 1.7919e-03 1.409032 1.0643e-03

513 100 9.320533 3.2426e-03 3.184987 5.0817e-04 1.408816 2.1582e-04
1025 200 9.319720 8.1358e-04 3.185118 1.3099e-04 1.408765 5.1671e-05
129 25 9.334524 - 3.181724 - 1.409849 -

CNLF 257 50 9.321732 1.2792e-02 3.183375 1.6506e-03 1.408444 1.4046e-03
513 100 9.318526 3.2067e-03 3.183671 2.9625e-04 1.408027 4.1664e-04
1025 200 9.317674 8.5195e-04 3.183726 5.5213e-05 1.407875 1.5261e-04
129 25 9.335030 - 3.181437 - 1.409787 -

CNAB 257 50 9.322055 1.2975e-02 3.183207 1.7694e-03 1.408374 1.4130e-03
513 100 9.318614 3.4408e-03 3.183648 4.4092e-04 1.407990 3.8416e-04
1025 200 9.317700 9.1473e-04 3.183730 8.2257e-05 1.407856 1.3457e-04

Example 2.5.2. Next, we consider the Kou’s jump diffusion model to price the European put option,

where σ(x, t) = σ1(x, t).

In example 2.5.2 , we execute the same simulation for IMEX-BDF2, IMEX-CNLF and IMEX-CNAB

methods for Kou’s model, and numerical results are provided in Table 2.2. We observe that for all the

proposed methods the errors were reducing with ratio nearly four, thus the discretization schemes are

approximatly second order convergent in time, as given in the Table 2.2. We have plotted the option
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Figure 2.2: European option value and some greeks, under the Merton’s jump-diffusion model with
parameters as provided in the example 2.5.1.

values and some greeks in Fig. 2.3.

In Table 2.3, we present the temporal convergence order of the IMEX-BDF2 method for both the

Merton and Kou jump diffusaion model. We have fixed the spatial points M = 103 + 1, in the spatial

domain Ω = [−5, 5] and shown the results for different temporal points. From Table 2.3, we can observe

that the error is reducing by the factor of approximate four at different values of N , this shows that our

method has approximate second order convergence rate in time for both the Merton and Kou models.

Example 2.5.3. We consider the Merton’s jump diffusion model to price the European put option, where

σ(x, t) = σ2(x, t).

In Example 2.5.3, we perform the simulation for IMEX-BDF2, IMEX-CNLF and IMEX-CNAB meth-

ods for Merton’s and Kou’s model with variable coefficients σ2(x, t). The numerical results are reported
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Table 2.2: Numerical results for European put options under the Kou’s jump-diffusion model with
local volatility σ1(x, t) using the specified parameters at various stock prices as given in (2.5.4).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.468647 - 2.767410 - 0.566071 -
BDF2 257 50 9.459640 9.0065e-03 2.767574 1.6370e-04 0.562383 3.6882e-03

513 100 9.457313 2.3273e-03 2.767658 8.3770e-05 0.561513 8.7058e-04
1025 200 9.456728 5.8508e-04 2.767681 2.3509e-05 0.561296 2.1622e-04
129 25 9.467679 - 2.766714 - 0.565822 -

CNLF 257 50 9.459025 8.6537e-03 2.767245 5.3147e-04 0.562210 3.6117e-03
513 100 9.456969 2.0561e-03 2.767383 1.3850e-04 0.561389 8.2158e-04
1025 200 9.456494 4.7510e-04 2.767478 9.4799e-05 0.561197 1.9222e-04
129 25 9.468350 - 2.766719 - 0.566094 -

CNAB 257 50 9.459382 8.9676e-03 2.767208 4.8898e-04 0.562310 3.7842e-03
513 100 9.457102 2.2807e-03 2.767432 2.2394e-04 0.561426 8.8425e-04
1025 200 9.456549 5.5304e-04 2.767520 8.7318e-05 0.561212 2.1398e-04

Table 2.3: Numerical results for European put options under the Merton’s and Kou’s jump-diffusion
models with local volatility σ1(x, t) using the specified parameters at various stock prices as given in
(2.5.3)-(2.5.4).

S = 90 S = 100 S = 110
Model N Value Error Value Error Value Error

50 9.417792 - 3.578447 - 1.969447 -
100 9.417715 7.7353e-05 3.578493 4.5228e-05 1.969506 5.9541e-05

Merton 200 9.417696 1.9284e-05 3.578504 1.1444e-05 1.969521 1.4749e-05
400 9.417691 4.8167e-06 3.578507 2.8786e-06 1.969525 3.6707e-06
800 9.417690 1.2037e-06 3.578508 7.2189e-07 1.969526 9.1564e-07
1600 9.417689 3.0090e-07 3.578508 1.8075e-07 1.969526 2.2865e-07
50 9.607426 - 2.928799 - 0.703181 -
100 9.607418 7.7338e-06 2.928866 6.6915e-05 0.703233 5.2466e-05

Kou 200 9.607416 1.9701e-06 2.928882 1.6848e-05 0.703246 1.2974e-05
400 9.607416 4.9829e-07 2.928887 4.2276e-06 0.703249 3.2257e-06
800 9.607416 1.2536e-07 2.928888 1.0588e-06 0.703250 8.0422e-07
1600 9.607416 3.1446e-08 2.928888 2.6497e-07 0.703250 2.0077e-07

in Table 2.4 and Table 2.5 for Merton and Kou models respectively. We can see from the Table 2.4 and

Table 2.5, that all the proposed methods have approximate second order convergence rate in time.

Example 2.5.4. We consider the Kou’s jump diffusion model to price the European put option, where
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Figure 2.3: European option value and some greeks, under the Kou’s jump-diffusion model with
parameters as provided in the example 2.5.2.

σ(x, t) = σ2(x, t).

All the considered examples show that the proposed methods have approximate second order conver-

gence rate in time, although the order of convergence at the early exercise boundary is less precise for both

Merton’s and Kou’s models.

Although the concept of smoothing the payoff has been addressed in prior finance literature, we con-

sidered the European put option pricing under Merton’s jump diffusion model with local volatility σ1(x, t)

with parameters provided in (2.5.3). We studied the situations where the payoffs were discontinuous, and

we employed the IMEX-CNLF time stepping technique combined with the Tavella, D. and C. Randall’s

mesh shifting technique as suggested in [106]. We obtained slightly better results with the improved ac-

curacy of the proposed method. We demonstrated the numerical results in Table 2.6 and compared it
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Table 2.4: Numerical results for European put options under the Merton’s jump-diffusion model with
local volatility σ2(x, t) using the specified parameters at various stock prices as given in (2.5.3).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.411279 - 3.361633 - 1.484906 -
BDF2 257 50 9.400236 1.1043e-02 3.362923 1.2897e-03 1.483607 1.2993e-03

513 100 9.397391 2.8448e-03 3.363297 3.7444e-04 1.483323 2.8393e-04
1025 200 9.396678 7.12961e-04 3.363394 9.7022e-05 1.483254 6.9481e-05
129 25 9.407028 - 3.355629 - 1.482211 -

CNLF 257 50 9.397255 9.7730e-03 3.358962 3.3332e-03 1.481707 5.0419e-04
513 100 9.394810 2.4456e-03 3.360604 1.6419e-03 1.481873 1.6585e-04
1025 200 9.394318 4.9128e-04 3.361325 7.2154e-04 1.482031 1.5765e-04
129 25 9.408822 - 3.357860 - 1.483420 -

CNAB 257 50 9.397924 1.0898e-02 3.360377 2.5169e-03 1.482336 1.0845e-03
513 100 9.395167 2.7564e-03 3.361317 9.3990e-04 1.482183 1.5248e-04
1025 200 9.394503 6.6449e-04 3.361683 3.6661e-04 1.482185 1.5175e-06

Table 2.5: Numerical results for European put options under the Kou’s jump-diffusion model with
local volatility σ1(x, t) using the specified parameters at various stock prices as given in (2.5.4).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.530477 - 2.953432 - 0.663080 -
BDF2 257 50 9.522590 7.8871e-03 2.953536 1.0389e-04 0.659413 3.6672e-03

513 100 9.520546 2.0444e-03 2.953601 6.5076e-05 0.658537 8.7620e-04
1025 200 9.520032 5.1325e-04 2.953619 1.8659e-05 0.658319 2.1838e-04
129 25 9.527920 - 2.947926 - 0.660121 -

CNLF 257 50 9.521127 6.7924e-03 2.950755 2.8294e-03 0.657833 2.2876e-03
513 100 9.519769 1.3578e-03 2.952089 1.3335e-03 0.657700 1.3398e-04
1025 200 9.519580 1.8907e-04 2.952794 7.0571e-04 0.657859 1.5985e-04
129 25 9.529427 - 2.950305 - 0.661782 -

CNAB 257 50 9.521921 7.5067e-03 2.951936 1.6307e-03 0.658646 3.1359e-03
513 100 9.520121 1.7996e-03 2.952754 8.1805e-04 0.658096 5.5078e-04
1025 200 9.519745 3.7641e-04 2.953146 3.9190e-04 0.658055 4.0838e-05

with the corresponding results in Table 1 of Lee [84], where authors have provided results for pricing the

European and American option under local volatility model with jumps. From the Table 2.6, we can

observe that although both methods achieve approximately second order rate in financial domain but the

proposed method provides better result than Lee [84]. We have also shown the results for American option

in Table 2.8 and compared with the Table 3 of Lee [84].
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Table 2.6: Comparison of numerical results of IMEX-CNLF method for pricing European option with
Table 1 of Lee [84].

S = 90 S = 100 S = 110
M N Lee [84] Present Method Lee [84] Present Method Lee [84] Present Method
256 50 0.001251 0.001411 0.027544 0.027431 0.006320 0.005825
512 100 0.000567 0.000428 0.006597 0.006558 0.001604 0.001398
1024 200 0.000147 0.000065 0.001642 0.001609 0.000404 0.000305
2048 400 0.000037 0.000007 0.000410 0.000390 0.000101 0.000052

2.5.2 American Option

For pricing American options, authors [45] suggested an implicit discretization accompanied by a penalty

approach, and authors [83] provided the three time level IMEX approach combined with OS technique.

We used the operator splitting technique to handle the inequality constraints for pricing the American put

option under the jump diffusion model with local volatility σ1(x, t) and σ2(x, t).

Example 2.5.5. First, we consider the Merton’s jump diffusion model to price the American put option,

where σ(x, t) = σ1(x, t).

In Example 2.5.5, we execute the simulation for IMEX-BDF2-OS, IMEX-CNLF-OS and IMEX-CNAB-

OS methods for pricing American option under Merton’s model with parameters in (2.5.3). The numerical

results are reported in Table 2.7 for Merton’s model. We observe that, all the proposed methods are

convergent with approximate second order in time. We have plotted the option values and Greeks for

Merton model in Figure 2.4.

Example 2.5.6. We consider the Kou’s jump diffusion model to price the American put option, where

σ(x, t) = σ1(x, t).

In Example 2.5.6, we perform the simulation for IMEX-BDF2-OS, IMEX-CNLF-OS and IMEX-CNAB-

OS methods for pricing American option under Kou’s model with parameters in (2.5.4). The numerical

results are reported in Table 2.9 for Kou’s model. We observe that, all the proposed methods are convergent

with approximate second order in time. We have plotted the option values, Delta and Gamma values for

Kou model in Figure 2.5.

In Table 2.8, we have shown the results for American put option using the mesh shifting technique and

results are compared it with Table 3 of Lee [84]. From the table we can observe that although both methods

achieved second order convergence rate in time but the proposed method provides better accuracy than

Lee [84].
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Table 2.7: Numerical results for American put options under the Merton’s jump-diffusion model with
local volatility σ1(x, t) using the specified parameters at various stock prices as given in (2.5.3).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.996996 - 3.261637 - 1.426582 -
BDF2 257 50 10.010091 1.3095e-02 3.270957 9.3207e-03 1.426207 3.7494e-04

513 100 10.007914 2.1764e-03 3.273861 2.9034e-03 1.426302 9.4784e-05
1025 200 10.008732 8.1757e-04 3.274674 8.1343e-04 1.426366 6.4481e-05
129 25 9.996992 - 3.261568 - 1.426978 -

CNLF 257 50 10.010339 1.3348e-02 3.271568 9.9994e-03 1.426476 5.0149e-04
513 100 10.007791 2.5478e-03 3.274065 2.4971e-03 1.426404 7.2394e-05
1025 200 10.008760 9.6803e-04 3.274720 6.5532e-04 1.426400 3.3514e-06
129 25 9.997013 - 3.260062 - 1.426800 -

CNAB 257 50 10.009905 1.2892e-02 3.270245 1.0182e-02 1.426246 5.5340e-04
513 100 10.007824 2.0813e-03 3.273557 3.3120e-03 1.426302 5.5167e-05
1025 200 10.008684 8.5988e-04 3.274541 9.8456e-04 1.426359 5.7592e-05

Table 2.8: Comparison of numerical results of IMEX-CNLF-OS method for pricing American option
with Table 3 of Lee [84].

S = 90 S = 100 S = 110
M N Lee [84] Present Method Lee [84] Present Method Lee [84] Present Method
256 50 0.003397 0.002762 0.032421 0.032459 0.006771 0.006432
512 100 0.007377 0.007417 0.007556 0.007658 0.001749 0.001639
1024 200 0.000132 0.000127 0.001944 0.002001 0.000473 0.000439
2048 400 0.000153 0.000143 0.000453 0.000489 0.000120 0.000112

Example 2.5.7. Next, we consider the Merton’s jump diffusion model to price the American put option,

where σ(x, t) = σ2(x, t).

In Example 2.5.7, we demonstrate the numerical experiments for American put option under Merton

model with the local volatility function σ2(x, t). To handle the inequality conditions in the LCP, the op-

erator splitting method is used. The implicit methods with three time levels combined with the operator

splitting method results in a linear system at each time step that can be easily solved using LU decom-

position without fixed point iteration. Table 2.10 shows that the pointwise errors for the American put

option are decreasing with the approximate second order in time, despite the fact that the option values

at S = 90 are volatile due to the early exercise boundaries.
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Figure 2.4: Option values and Greeks for American option under the Merton’s jump-diffusion model
with parameters as provided in the example 2.5.5.

Example 2.5.8. We consider the Kou’s jump diffusion model to price the American put option, where

σ(x, t) = σ2(x, t).

In Example 2.5.8, we perform the numerical experiment for American put option under Kou model

with the local volatility function σ2(x, t). To handle the inequality conditions in the LCP, the operator

splitting technique is used. The implicit methods with three time levels joined by the operator splitting

method results in a linear system at each time step that can be easily solved using LU decomposition

without fixed point iteration. Table 2.11 shows that the pointwise errors for the American put option are

decreasing with the approximate second order in time, despite the fact that the option values at S = 90

are volatile due to the early exercise boundaries.

Choosing the basis functions is a necessary step in the implementation of radial basis function (RBF)

approaches, and radial basis functions are specified by a shape parameter that must also be chosen. The
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Table 2.9: Numerical results for American put options under the Kou’s jump-diffusion model with
local volatility σ1(x, t) using the specified parameters at various stock prices as given in (2.5.4).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 9.997825 - 2.833644 - 0.574283 -
BDF2 257 50 10.010444 1.2619e-02 2.840246 6.6023e-03 0.571325 2.9576e-03

513 100 10.010050 3.9385e-04 2.842316 2.0698e-03 0.570762 5.6322e-04
1025 200 10.010298 2.4725e-04 2.842938 6.2131e-04 0.570671 9.0797e-05
129 25 9.997427 - 2.833522 - 0.574185 -

CNLF 257 50 10.010606 1.3179e-02 2.840575 7.0536e-03 0.571334 2.8508e-03
513 100 10.010158 4.4788e-04 2.842290 1.7152e-03 0.570737 5.9733e-04
1025 200 10.010364 2.0544e-04 2.842925 6.3457e-04 0.570666 7.1173e-05
129 25 9.997447 - 2.832021 - 0.574370 -

CNAB 257 50 10.010284 1.2837e-02 2.839458 7.4365e-03 0.571271 3.0988e-03
513 100 10.009927 3.5624e-04 2.841973 2.5158e-03 0.570713 5.5808e-04
1025 200 10.010237 3.0977e-04 2.842786 8.1296e-04 0.570642 7.1068e-05

Table 2.10: Numerical results for American put options under the Merton’s jump-diffusion model
with local volatility σ2(x, t) using the specified parameters at various stock prices as given in (2.5.3).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 10.012810 - 3.441046 - 1.502343 -
BDF2 257 50 10.026396 1.3586e-02 3.449681 8.6352e-03 1.502001 3.4196e-04

513 100 10.029761 3.3648e-03 3.452295 2.6141e-03 1.502095 9.4039e-05
1025 200 10.030300 5.3932e-04 3.453055 7.5988e-04 1.502173 7.8502e-05
129 25 10.010923 - 3.436614 - 1.500452 -

CNLF 257 50 10.025792 1.4869e-02 3.447940 1.1326e-02 1.501111 6.5879e-04
513 100 10.029895 4.1030e-03 3.451184 3.2441e-03 1.501589 4.7776e-04
1025 200 10.030314 4.1910e-04 3.452488 1.3038e-03 1.501916 3.2720e-04
129 25 10.011758 - 3.438303 - 1.501638 -

CNAB 257 50 10.025902 1.4144e-02 3.448221 9.9175e-03 1.501551 8.7151e-05
513 100 10.029439 3.5363e-03 3.451570 3.3491e-03 1.501845 2.9426e-04
1025 200 10.030177 7.3792e-04 3.452693 1.1234e-03 1.502040 1.9458e-04

choices of shape parameter have a tremendous impact on the accuracy of the results and the numerical

stability of the method used. Finding the optimal shape parameter is a challenging task and an ongo-

ing research area [48, 101]. Figure 2.6 demonstrate the effects of the shape parameters with the error

(successive difference of computed solutions) for Gaussian radial basis function for pricing European and

American option under local volatility jump-diffusion model.
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Figure 2.5: Option values and Greeks for American option under the Kou’s jump-diffusion model
with parameters as provided in the example 2.5.6.

2.6 Conclusion

We have presented RBF based three IMEX finite difference techniques namely; BDF2, CNLF and CNAB,

for solving the PIDEs that arises when an underlying asset exhibits behaviour consistent with the extended

jump diffusion method. An RBF-based finite difference method is used to solve the linear differential equa-

tions that come from temporal semi-discretization of the governing equation, and a composite trapezoidal

method is used to calculate the integral term involved in PIDE. We applied the IMEX-BDF2, IMEX-CNLF

and IMEX-CNAB techniques joined with the operator splitting method to handle the inequality restric-

tions in the LCP for pricing American option pricing, it produces a linear system at each time step that can

be easily solved by LU decomposition without the use of fixed point iteration. The numerical experiments

with European put and American put options are performed using the Merton and Kou model with local

volatility. The numerical results demonstrate that the proposed methods are precise and effective. The
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Figure 2.6: Effects of the shape parameters on error for pricing European and American option
under the Kou’s jump-diffusion model with local volatility σ1(x, t) at N=50 and M=256, rest of the
parameters are given as in (2.5.4).
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Table 2.11: Numerical results for American put options under the Kou’s jump-diffusion model with
local volatility σ2(x, t) using the specified parameters at various stock prices as given in (2.5.4).

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

129 25 10.018328 - 3.019847 - 0.672227 -
BDF2 257 50 10.028372 1.0044e-02 3.025721 5.8742e-03 0.669384 2.84356e-03

513 100 10.030544 2.1714e-03 3.027722 2.0008e-03 0.668897 4.8704e-04
1025 200 10.030888 3.4384e-04 3.028316 5.9372e-04 0.668831 6.6035e-05
129 25 10.017045 - 3.014446 - 0.669374 -

CNLF 257 50 10.028143 1.1098e-02 3.023542 9.0962e-03 0.667983 1.3909e-03
513 100 10.030462 2.3198e-03 3.026582 3.0399e-03 0.668204 2.2115e-04
1025 200 10.030839 3.7659e-04 3.027690 1.1075e-03 0.668472 2.6772e-04
129 25 10.017698 - 3.016892 - 0.671041 -

CNAB 257 50 10.027965 1.0268e-02 3.024191 7.2992e-03 0.668702 2.3392e-03
513 100 10.030345 2.3797e-03 3.026946 2.7549e-03 0.668531 1.7106e-04
1025 200 10.030787 4.4225e-04 3.027932 9.8663e-04 0.668643 1.1220e-04

option value and some “Greeks” can be precisely estimated using the proposed numerical methods.
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3
RBF-FD BASED IMPLICIT-EXPLICIT METHODS FOR

PRICING OPTION UNDER REGIME-SWITCHING

JUMP-DIFFUSION MODEL WITH VARIABLE

COEFFICIENTS
1

This chapter aims to develop and analyze radial basis function-based finite difference implicit-explicit

temporal semi-discretizations techniques for pricing options under an extended Markovian regime-switching

jump-diffusion economy.

3.1 Introduction

One of the most extensively used models in option pricing is the Black-Scholes. The volatility in the classical

BS partial differential equation is constant. The constant volatility BS model is generally acknowledged

to be practically inadequate since real financial market data exhibit non-constant volatility behavior. The

constant volatility does not represent volatility skew or smile. Numerous stochastic models, including the

local volatility model [40, 44], the regime-switching approach [102], the jump-diffusion framework [79, 96],

and the stochastic volatility framework [57], have been proposed to address these limitations.

The volatility smile phenomena are best explained by extended BS models, which characterize volatil-

ities as a time- and price-dependent function. The deterministic local volatility function, on the other

hand, has significant limitations. For beginners, several empirical investigations have demonstrated that

1The results discussed in this chapter have been published in Numerical Algorithms, 97, 645-685 (2024).
https://doi.org/10.1007/s11075-023-01719-2.
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Jump-Diffusion Model With Variable Coefficients

the local volatility function works poorly for hedging in [4, 43]. However, local volatility models are inad-

equate for capturing market fluctuations. Much recent research [10, 42, 66, 89] has proven the presence of

jumps and their market influence. Dehghan et al.[37] explained the asymptotic expansion of the solutions

of Black–Scholes equation near the maturity for pricing the American option.

In this study, we focus on the regime-switching jump-diffusion model, which combines the regime-

switching and jump-diffusion models. The parameters in the RSJD model are viewed as variable coefficients

in the temporal and spatial directions, specifically including the volatility smile, the time inhomogeneity,

the sudden regime shift, and the deterministic volatility function, as demonstrated in the financial market.

Under the RSJD model, the partial integrodifferential equation for a European option and the linear

complementarity problem for an American option could potentially be solved numerically using several

different techniques. Costabile et al.’s [31] recommendation for pricing the European and American options

under the RSJD model included an explicit formula and a multinomial technique. The multinomial

technique provides first-order precision in the time variable with constant coefficients. Haghi et al.[52]

introduced a new combination of an RBF-FD method for pricing American options if the underlying

asset acts in accordance with the jump-diffusion models. Dehghan et al.[38] presented a new class of

radial basis function and explored its efficiency in option pricing problems. Rad et al.[109] presented

radial basis point interpolation for pricing European and American options. For the numerical simulation

of the prostate tumor growth model, Mohammadi et al.[98] presented the RBF-FD method. Shirzadi et

al.[114, 115] introduced the mesh-free moving least-squares approximation and derived the optimal uniform

error bounds for the pricing option under jump-diffusion models. The authors of [39] applied the homotopy

perturbation method (HPM) and variational iteration method (VIM) for pricing the barrier option under

the BS model. In [36], the time-splitting techniques for the solution of the two-dimensional transport

equation are presented. In order to investigate the time-dependent incompressible Navier-Stokes equation

with varying density, authors of [1] developed an impressively quick RBF-FD based numerical method.

Some other applications of the mesh-free method for option pricing problems can be found in Kadalbajoo

et al.[67, 68, 69] and references therein.

This chapter’s goal is to provide numerical techniques for evaluating European and American pricing

using the RSJD model with variable coefficients. Even if there are many research articles on pricing fi-

nancial derivatives, the constant parameters under the RSJD model have already been taken into account.

Thus, it is important to concentrate on the variable coefficients that allow us to accurately replicate finan-

cial market data. To solve the PIDE for the European option, we provide three implicit-explicit numerical

methods: Crank-Nicolson Adam Bashfourth, Crank-Nicolson Leap-Frog, and a two-step backward differ-

entiation formula. When the jump intensity is high enough, it is noted in [112] that the three implicit

approaches in which the zeroth derivative term is implicitly discretized provide more stable results than
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the explicit treatment of the zeroth derivative term. The three numerical techniques we provide for the

RSJD model with variable coefficients are intended for the linear system associated with the inverse of a

tridiagonal matrix at each stage of the economy and time step. As a result, it can be effectively solved us-

ing a LU decomposition. The regime-switching framework also ranks among the most rapid advancements

that are gaining a substantial amount of attention for computing the price of an option.

Regime-switching approaches provide a straightforward technique to record stochastic volatility and as

a result, fat tails, avoiding the shortcoming of the standard lognormality assumption of constant volatility.

The addition of a jump component to the regime-switching context helps to explain some of the empirical

biases observed by the classical lognormal model more precisely. The finite state Markov chain of the

regime-switching model generates switches of the drift and volatility parameters that efficiently account

for the impact of major financial forces on asset price dynamics. Some handful examples of regime switch-

ing implementations are, insurance [56], power markets [53, 128], natural gas [6, 26], optimum forestry

management [24], trading methods [34], valuation of stock loans [144], convertible bond pricing [29], and

interest rate dynamics [72]. In contrary to a stochastic volatility jump-diffusion model, regime switching

models are intuitively enticing and computationally inexpensive. In our recent work [135], we have pre-

sented the RBF-FD based IMEX methods for pricing European and American option under local volatility

jump-diffusion model.

A plethora of strategies have been put together for addressing the American options in regime-switching

frameworks (see, for example, [27, 60, 86, 134, 140, 143]). When the underlying asset is subjected to a

regime-switching jump-diffusion model for pricing the American option, Bastani et al.[9] presented an

RBF-based collocation method, Tour et al.[122] introduced a spectral element method. Kumar et al.[82],

Mollapourasl et al.[100], Rad and Parand [108], Tour et al.[123] proposed radial basis function approach,

Chen et al.[22], Patel et al.[104] used the compact finite difference approaches. Egorova et al.[46] sug-

gested a novel, more efficient numerical method for solving the American option in the regime-switching

framework.

In this work, we proposed some radial basis function finite difference based implicit-explicit methods

for pricing European and American options in a regime-switching jump-diffusion model with local volatility

that leads to tridiagonal coefficient matrices. Although there are a variety of approaches for solving LCPs,

we employ the operator splitting method [64] to deal with the inequality restrictions. To avoid iterative

procedures, we paired the proposed methods with the operator splitting method to evaluate the value

of the American option. Operator splitting technique has been used proficiently in several Black-Scholes

models [23, 65, 73, 87, 133], and it is robust and efficient to apply since the differential equation and

complementarity conditions are disentangled and rapidly solved on their own.

The rest of the chapter is structured in the following manner. We start with defining the notations
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and preliminaries for the regime-switching jump-diffusion model with local volatility, describing the basic

notations, symbols, and presumptions used throughout this chapter and the construction of the PIDE and

its associated characteristics. In Sect. 3.3, we provide the discretization, and we demonstrate the stability

of the proposed approaches with the second-order convergence rate. After that, we present the IMEX-

OS discretization for the American option. In Sect. 3.4, we provide numerical experiments to validate

accuracy, order of convergence for the proposed methods.

3.2 Regime-Switching Jump-Diffusion Models

In this section, we consider a regime-switching jump-diffusion model with varying coefficients to integrate

the various regimes and the behavior of volatility smiles. These models explain the various phases of an

economy as well as the effects of jumps in the underlying asset. We briefly present an RSJD model for

an underlying asset Sτ on a filtered probability space (Ω, F , {F}τ≥0, P), in which the financial market

allows us to have no arbitrage opportunities. A continuous Markov chain process (Xτ )τ≥0, is defined on

a probability space (Ω, F , P), so as to take a value in a finite state space H = {e1, e2, · · · , eQ} with the

following property.

P(Xτ+δτ = ei|Xτ = ej) =

 qijδτ +O(δτ) for i ̸= j,

1 + qijδτ +O(δτ) for i = j,
(3.2.1)

for a Q-dimensional vector ej := eij such that

eij =

 0 for i ̸= j,

1 for i = j.
(3.2.2)

We postulate that the economy switches from one state to another state regulated by the finite state

continuous time Markov chain Xτ with the state space {1, · · · , Q}.

A Markov chain process can be written as

dXτ = dMτ +AXτ−dτ,

where A = [qij ]Q×Q is the generator of the Markov chain Xτ , and Mτ is a martingale.

The entry element qij satisfies the condition: If i ̸= j, qij ≥ 0 and qjj = −
∑
i̸=j

qij for i = 1, 2, · · · , Q.

The local volatility στ is the function of time and space variables, and risk-free interest rate rτ is given

as στ = ⟨σ,Xτ ⟩ and rτ = ⟨ r,Xτ ⟩ respectively, where σ := (σ1, σ2, · · · , σQ)T and r := (r1, r2, · · · , rQ)T

are Q dimensional vectors with σj ≥ 0 and rj ≥ 0 for all 1 ≤ j ≤ Q. Here, (· · · )T reflects the matrix’s

transposition, and ⟨ ·, ·⟩ specifies the dot product in RQ.

Suppose the underlying asset Sτ behaves according to RSJD then,

dSτ

Sτ−
= (rτ − dτ − λτκτ )dτ + ητdNτ + στdWτ , (3.2.3)
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where Nτ := ⟨Nτ , Xτ ⟩ is a Poisson process with Nτ := (N1
τ , N

2
τ , N

3
τ , · · ·, NQ

τ )T and the intensity λτ

of the Poisson process is defined as λτ := ⟨λ , Xτ ⟩ with λ := (λ1, λ2, λ3, · · · , λQ)T , dτ := ⟨⌈τ , Xτ ⟩

is a continuous dividend with ⌈τ := (d1τ , d
2
τ , d

3
τ , · · ·, dQτ )T , Wτ is a Wiener process, ητ := ⟨η , Xτ ⟩ with

η := (η1, η2, η3, · · · , ηQ)T is a random variable to generate jump size from Sτ− to Sτ and κτ := ⟨κ , Xτ ⟩

with κ := (κ1, κ2, κ3, · · · , κQ)T with κj = E[ηj ] for 1 ≤ j ≤ Q.

In the risk-neutral RSJD model (3.2.3), the price of the European option u(x, t, ej) can be calculated by

solving the following partial integro-differential equation:

∂u

∂t
(x, t, ej)− Lu(x, t, ej) = 0, (x, t, ej) ∈ R× J ×H, (3.2.4)

where J = (0, T ] and the spatial differential operator can be defined as

Lu(x, t, ej) =
1

2
(σj(x, t))

2 ∂
2u

∂x2
(x, t, ej) +

(
rj − dj −

(σj(x, t))
2

2
− λjκj

)
∂u

∂x
(x, t, ej)− (rj + λj)u(x, t, ej)

+λj

∞∫
−∞

u(y, t, ej)f(y − x, ej)dy + ⟨un , Aej⟩. (3.2.5)

The option value u(x, t, ej) at the time of maturity T is termed as the payoff function. For the European

put option, the payoff function is given by:

vj0(z) = max(K −Kex, 0) (3.2.6)

with a strike price of K.

Where x = ln( S
K ) is the log asset price with respect to a strike price K and L = D+ I + E , such that

Du(x, t, ej) =
1

2
(σj(x, t))

2 ∂
2u

∂x2
(x, t, ej) +

(
rj − dj −

(σj(x, t))
2

2
− λjκj

)
∂u

∂x
(x, t, ej)− (rj + λj)u(x, t, ej),

(3.2.7)

Iu(x, t, ej) = λj

∞∫
−∞

u(x, t, ej)f(y − z, ej)dy, (3.2.8)

Eu(x, t, ej) = ⟨un , Aej⟩, (3.2.9)

where ⟨un , Aej⟩ =
Q∑
i=1

vinqi,j , un is a Q dimensional vector un = (u1n, u
2
n, u

3
n, · · · , uQn )T with uj(x, t) =

u(x, t, ej), 1 ≤ j ≤ Q and the function f(y, ej) can be written as:

f(y, ej) =


1√

2πσj
J

exp− (y−µj
J )

2

2(σj
J )

2
Merton model,

pjη
j
1e

−ηj
1yH(y) + qjη

j
2e

−ηj
2yH(−y) Kou model.

To numerically approximate the integral operator Iu(x, t, ej), we first split the integral into two portions

on Ω and Ωc.

The integral operator may now be divided into two parts:

Iu(x, t, ej) = λj

∫
Ω

u(y, t, ej)f(y − z, ej)dy +R(x, t, ej). (3.2.10)
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By using the asymptotic behavior of the option, the integral over Ωc is given by

R(x, t, ej) := λj

∫
Ωc

(Ke−rjt −Key)f(y − z, ej)dy. (3.2.11)

For the European put option, the R(x, t, ej) is given as

R(x, t, ej) :=

 Ke−rjtN (
xmin−x−µj

J

σj
J

)−Kex+µj
J+

(σ
j
J
)2

2 N (
xmin−x−µj

J−(σj
J )

2

σj
J

) Merton’s model,

Ke−rjt(1− pj)e
ηj
2(xmin−x) −K(1− pj)

ηj
2

ηj
2+1

e−ηj
2x+(ηj

2+1)xmin Kou’s model.

The above expression may be rewritten as follows in the case of the American put option:

R(x, t, ej) :=

 KN (
xmin−x−µj

J

σj
J

)−Kex+µj
J+

(σ
j
J
)2

2 N (
xmin−x−µj

J−(σj
J )

2

σj
J

) Merton’s model,

K(1− pj)e
ηj
2(xmin−x) −K(1− pj)

ηj
2

ηj
2+1

e−ηj
2x+(ηj

2+1)xmin Kou’s model,

where N (·) is the cumulative normal distribution.

On the other hand, the value of American option u(x, t, ej) under RSJD model address the following linear

complementarity problem:

∂u
∂t (x, t, ej)− Lu(x, t, ej) ≥ 0, (x, t, ej) ∈ R× J ×H,

u(x, t, ej)− Φj(Kex) ≥ 0, (x, t, ej) ∈ R× J ×H,(
∂u
∂t (x, t, ej)− Lu(x, t, ej)

) (
u(x, t, ej)− Φj(Kex)

)
= 0, (x, t, ej) ∈ R× J ×H,

uj0(x) = Φj(Kex), x ∈ R.

(3.2.12)

For the American put option, the payoff function is given by:

uj0(x) = max(K −Kex, 0) (3.2.13)

with a strike price of K.

For the computational purposes, the problem (3.2.4) and (3.2.12) needs to be localized on a bounded

domain Ω := (xL, xR), with xL ∈ R and xR ∈ R and consider u(x, t, ej) as a solution of the localized

problem (3.2.14).



∂uj

∂t − Luj ≥ 0 (x, t, ej) ∈ Ω× J ×H,

u(x, t, ej)− Φj(Kex) ≥ 0 (x, t, ej) ∈ Ω× J ×H,

(∂u
j

∂t − Luj)
(
u(x, t, ej)− Φj(Kex)

)
= 0 (x, t, ej) ∈ Ω× J ×H,

uj0(x) = Φj(Kex) x ∈ Ω,

(3.2.14)

We use the asymptotic behavior of the European put option to establish a boundary condition for the log

price outside the domain.

uj(x, t) =

 Ke−rjt −Kex : x→ −∞,

0 : x→ +∞
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On the other hand, asymptotic behaviors of the American put options are

uj(x, t) =

 K −Kex : x→ −∞,

0 : x→ +∞

3.3 Discretization

This section describes how to build an implicit explicit time semi-discretization known as the Crank-

Nicolson Leap-Frog, Crank-Nicolson Adam-Bashforth, BDF2 methods for the following coupled PIDE on

the reduced domain Ω.

∂u

∂t
(x, t, ej)− Lu(x, t, ej) = 0, (x, t, ej) ∈ R× J ×H, (3.3.1)

uj0(x) = max(K −Kex, 0), (3.3.2)

uj(x, t) =

 Ke−rjt −Kex : x→ −∞,

0 : x→ +∞,
(3.3.3)

where L is the integro-differential operator in (3.2.5).

3.3.1 Time Discretization

Let the system (3.3.1), be initially discretized in time with uniform grid tn = nk, n = 0, 1, 2, . . . , N with

uniform temporal mesh length k, with u(x, tn, ej) abbreviated as ujn.

Now, we have a brief discussion about three IMEX methods for the temporal discretization of PIDE

(3.3.1).

3.3.1.1 IMEX-BDF2 method

3ujn+1 − 4ujn + ujn−1

2k
= Dujn+1 + λjI(E1ujn) + E(E1ujn), n ≥ 1, (3.3.4)

ujn+1(xL) = Ke−rjτn+1 −KexL , ujn+1(xR) = 0, (3.3.5)

where, E1ujn = 2ujn − ujn−1.

The suggested technique requires two starting values on the zeroth and first time levels. The model

problem’s starting condition gives the value uj0 at the zeroth time level, and the value uj1 can be evaluated

by using the implicit-explicit backward difference technique of order one.

3.3.1.2 IMEX-CNAB method

ujn+1 − ujn
k

= D

(
ujn+1 + ujn

2

)
+ λjI(E2ujn) + E(E2ujn), n ≥ 1, (3.3.6)

ujn+1(xL) = Ke−rjtn+1 −KexL , ujn+1(xR) = 0, (3.3.7)
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where, E2ujn =
3uj

n−uj
n−1

2 .

3.3.1.3 IMEX-CNLF method

ujn+1 − ujn−1

2k
= D

(
ujn+1 + ujn−1

2

)
+ λjI(ujn) + E(ujn), n ≥ 1, (3.3.8)

ujn+1(xL) = Ke−rjtn+1 −KexL , ujn+1(xR) = 0. (3.3.9)

The suggested technique requires two starting values on the zeroth and first time levels. The model

problem’s starting condition gives the value uj0 at the zeroth time level, and the value uj1 can be evaluated

by using the implicit-explicit backward difference technique of order one. Now, we prove the stability of all

the above discussed time discretization schemes. For the stability analysis, we impose some assumptions,

which are described in [2], on the variable coefficients in the PIDE (3.3.1).

(A1) Variable coefficient σj(x, t) is continuous and sufficiently smooth for the analysis of the proposed

methods.

(A2) There are σj > 0 and σ̄j > 0 such that for all (x, t, ej) ∈ R× J ×H,

0 < σj < σj(x, t) < σ̄j .

We will frequently use the following results throughout our analysis:(
DU j , U j

)
=

1

2
(σ̄j)

2(U j
xx, U

j) + (rj −
1

2
(σ̄j)

2 − λjκj)(U
j
x, U

j)− (rj + λj)(U
j , U j)

= − (σ̄j)
2

2

(
∥U j

x −
(rj − (σ̄j)

2

2 − λjκj)

(σ̄j)2
U j∥2

)
+

(rj − (σ̄j)
2

2 − λjκj)
2 − 2(rj + λj)(σ̄j)

2

2(σ̄j)2
∥U j∥2

≤

(
rj − (σ̄j)

2

2 − λjκj

)2
−
(
2(rj + λj)(σ̄j)

2
)

2(σ̄j)2
∥U j∥2

≤ αj∥U j∥2, (3.3.10)

where αj = | (rj−
(σ̄j)

2

2 −λjκj)
2−(2(rj+λj)(σ̄j)

2)
2(σ̄j)2

|.

We will frequently use the Young’s inequality for all a, b ∈ R with ϵ∗ (valid for every ϵ > 0), i.e,

(a, b) ≤ ϵ∗a2 +
1

4ϵ∗
b2, (3.3.11)

and an identity

2 (3a− 4b+ c, a) = a2 + (2a− b)2 − b2 − (2b− c)2 + (a− 2b+ c)2. (3.3.12)

We shall use the following result in analysis for all uj(·, t) ∈ L2(Ω), t ∈ (0, T ) such that

uj(x, t) =

 uj(x, t) : (x, t) ∈ Ω× [0, T ],

0 : (x, t) ∈ Ωc × [0, T ].
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The integral operator Iuj follow the condition ∥Iuj(·, t)∥ ≤ CI∥uj(·, t)∥, where CI is a constant that is

independent of t and ∥uj∥ :=
(∫

Ω
|uj(x)|2dx

) 1
2 .

We can bound the regime-switching term ⟨un , Aej⟩ by the inequality

|⟨un , Aej⟩| =

∣∣∣∣∣
Q∑
i=1

uinqi,j

∣∣∣∣∣ ≤
Q∑
i=1

max
i=1,2,...,Q

|uin||qi,j |.

Let uinn := max
i=1,2,...,Q

|uin|. Then

|⟨un , Aej⟩| ≤

∣∣∣∣∣uinn
Q∑
i=1

|qi,j |

∣∣∣∣∣ = 2|qj,j ||uinn |.

Let us suppose that ujn be the solution of the equation (3.3.4) and ũjn be the solution of perturbed equation

(3.3.13)

3ũjn+1 − 4ũjn + ũjn−1

2k
= Dũjn+1 + λjI(E1ũjn) + E(E1ũjn) + T j

n+1 n ≥ 1 (3.3.13)

together with boundary condition

ũjn+1(xL) = Ke−rjtn+1 −KexL , ũjn+1(xR) = 0 (3.3.14)

The T j
n is the perturbation in the data at any time level tn in the jth state of the economy and what

we will examine the effect of these perturbations on the error as we proceed in time. We will show that

the error at any time level is bounded by the initial errors at initial time levels (t0 & t1; for all discussed

techniques) and is a bounded multiple of the introduced perturbations; which establishes stability in time

discretization.

Now define the error term ϵjn := ũjn − ujn. Since we are treating boundary conditions exactly in the

equations (3.3.4− 3.3.5) and perturbed equations (3.3.13− 3.3.14). Hence, the error term ϵjn will be zero

at the boundary points. Similarly, we can get the perturbation equation for other schemes.

Theorem 3.3.1 (IMEX-BDF2). Under the assumption k < 1
2(2αj+1+2|qj,j |+λjCI)

the scheme is stable in

the following sense:

∥ϵjm∥2 ≤ C

(
max

i=1,2,··· ,Q
∥ϵi0∥2 + max

i=1,2,··· ,Q
∥ϵi1∥2 + max

2≤n≤m
∥T j

n ∥2
)
, ∀ 2 ≤ m ≤ T

N
, (3.3.15)

where C is a constant that depends on the parameters CI , rj, σj, λj and T .

Proof. Consider the equations (3.3.4) and (3.3.13), we get,

3ϵjn+1 − 4ϵjn + ϵjn−1

2k
= Dϵjn+1 + λjI(E1ϵjn) + E(E1ϵjn) + T j

n+1 (3.3.16)

ϵjn+1(xL) = 0, ϵjn+1(xR) = 0 (3.3.17)
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Taking the inner product of both sides of the equation (3.3.16) with 4kϵjn+1(
3ϵjn+1 − 4ϵjn + ϵjn−1

2k
, 4kϵjn+1

)
=

(
Dϵjn+1, 4kϵ

j
n+1

)
+
(
λjI(E1ϵjn), 4kϵ

j
n+1

)
+
(
E(E1ϵjn), 4kϵ

j
n+1

)
+
(
T j
n+1, 4kϵ

j
n+1

)
(3.3.18)

Using the identity (3.3.12) in LHS, we get

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ 4k(Dϵjn+1, ϵ
j
n+1) + 4kλj(I(E1ϵjn), ϵ

j
n+1) +

(
E(E1ϵjn), 4kϵ

j
n+1

)
+ 4k(T j

n+1, ϵ
j
n+1).

Now the relation (3.3.10) implies,

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ 4kαj∥ϵjn+1∥2 + 4kλj(I(E1ϵjn), ϵ
j
n+1) + 4k

(
Q∑
i=1

(E1ϵin)qi,j , ϵ
j
n+1

)
+ 4k(T j

n+1, ϵ
j
n+1).

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ k
(
4αj + 2 + 4|qj,j |+ 2λjCI

)
∥ϵjn+1∥2 + 16kλjCI∥ϵjn∥2 + 32k|qj,j |∥ϵinn ∥2

+8k|qj,j |∥ϵin−1

n−1 ∥2 + 4kλjCI∥ϵjn−1∥2 + 2k∥T j
n+1∥2.

Summing up the above inequality between n = 1 to n = m− 1, for 1 ≤ m ≤ N , we get

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2

≤ k(4λjCI∥ϵj0∥2 + 20λjCI∥ϵj1∥2 +
(
4αj + 2 + 4|qj,j |+ 22λjCI

)m−1∑
n=2

∥ϵjn∥2

+

m−1∑
n=1

32k|qj,j |∥ϵinn ∥2 +
m−1∑
n=1

8k|qj,j |∥ϵin−1

n−1 ∥2 + 2

m∑
n=2

∥T j
n ∥2 + (4α+ 2 + 2λjCI) ∥ϵjm∥2).

Case 1. If ϵinn := max
i=1,2,··· ,Q

|ϵin| = ϵjn, for 1 ≤ n ≤ m, then

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2

≤ k(4λjCI∥ϵj0∥2 + 20λjCI∥ϵj1∥2 +
(
4αj + 2 + 44|qj,j |+ 22λjCI

)m−1∑
n=2

∥ϵjn∥2

+2

m∑
n=2

∥T j
n ∥2 +

(
4αj + 2 + 4|qj,j |+ 2λjCI

)
∥ϵjm∥2).

Assume that k is sufficiently small such that
(
1− k(4αj + 2 + 4|qj,j |+ 2λjCI)

)
> 0 or k < 1

(4αj+2+4|qj,j |+2λjCI)
,

then above inequality implies,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + k

m∑
n=2

∥T j
n ∥2)
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≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 +mk max
2≤n≤m

∥T j
n ∥2). (3.3.19)

We know that mk ≤ T , then we have

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.20)

where C is a generic constant that is unaffected by the extent of the grid. The application of the

discrete Gronwall’s inequality is leads to the result,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.21)

Case 2. If ϵinn := max
i=1,2,··· ,Q

|ϵin| ̸= ϵjn then |ϵj0| < |ϵi0|, |ϵ
j
1| < |ϵi1| and let us consider ϵin = max{ϵi11 , ϵ

i2
2 , ϵ

i3
3 , . . . , ϵ

in
n }.

Then we obtain

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2

≤ k(4λjCI∥ϵj0∥2 + 20λjCI∥ϵj1∥2 +
(
4αj + 2 + 4|qj,j |+ 22λjCI

)m−1∑
n=2

∥ϵjn∥2

+

m−1∑
n=1

32k|qj,j |∥ϵin∥2 +
m−1∑
n=1

8k|qj,j |∥ϵin−1∥2 + 2

m∑
n=2

∥T j
n ∥2 +

(
4αj + 2 + 4|qj,j |+ 2λjCI

)
∥ϵjm∥2).

Now imagine that the k is tiny enough such that
(
1− k(4αj + 2 + 4|qj,j |+ 2λjCI)

)
> 0 or k < 1

(4αj+2+4|qj,j |+2λjCI)
,

then above inequality implies,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + ∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + 2

m∑
n=2

∥T j
n ∥2).

≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 +mk max
2≤n≤m

∥T j
n ∥2). (3.3.22)

Now, we know that the left hand side of the inequality is satisfied for all the 1 ≤ j ≤ Q, since ej ∈ H, then

we can write as:

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.23)

The application of the discrete Gronwall’s inequality (for more information, see Lemma 3.1 in [70]) is now

applied, and we get,

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.24)

Now, from (3.3.21) and (3.3.24), we obtained the outcome (3.3.15), and this completes the proof of Theorem

3.3.1.
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Theorem 3.3.2 (IMEX-CNLF). Under the assumption k < 1
βj the scheme is stable in the following sense:

∥ϵjm∥2 ≤ C

(
max

i=1,2,··· ,Q
∥ϵi0∥2 + max

i=1,2,··· ,Q
∥ϵi1∥2 + max

2≤n≤m
∥T j

n ∥2
)
, ∀ 2 ≤ m ≤ T

N
, (3.3.25)

where C is a constant that depends on the parameters CI , rj, σj, λj and T , and βj
1 = 2(αj + λjCI + 1),

βj
2 = λjCI , βj

3 = 2|qj,j |, βj = max{βj
1, β

j
2, β

j
3}.

Proof. Consider the equations (3.3.5) and (3.3.9), we get,

ϵjn+1 − ϵjn−1

2k
= D

(
ϵjn+1 + ϵjn−1

2

)
+ λjI(ϵjn) + E(ϵjn) + T j

n+1 (3.3.26)

ϵjn+1(xL) = 0, ϵjn+1(xR) = 0 (3.3.27)

Taking the inner product of both sides of the equation (3.3.11) with 2k(ϵjn+1 + ϵjn−1)(
ϵjn+1 − ϵjn−1

2k
, 2k(ϵjn+1 + ϵjn−1)

)
=

(
D

(
ϵjn+1 + ϵjn−1

2

)
, 2k(ϵjn+1 + ϵjn−1)

)
+
(
λjI(ϵjn), 2k(ϵ

j
n+1 + ϵjn−1)

)
+
(
E(ϵjn), 2k(ϵ

j
n+1 + ϵjn−1

)
+
(
T j
n+1, 2k(ϵ

j
n+1 + ϵjn−1)

)
(3.3.28)

Simplifying the left hand side of (3.3.28), we get

∥ϵjn+1∥2 − ∥ϵjn−1∥2 =

(
D

(
ϵjn+1 + ϵjn−1

2

)
, 2k(ϵjn+1 + ϵjn−1)

)
+
(
λjI(ϵn), 2k(ϵjn+1 + ϵjn−1)

)
+
(
E(ϵjn), 2k(ϵ

j
n+1 + ϵjn−1

)
+
(
T j
n+1, 2k(ϵ

j
n+1 + ϵjn−1)

)
(3.3.29)

Now the relation (3.3.7) implies,

∥ϵjn+1∥2 − ∥ϵjn−1∥2 ≤ kαj∥ϵjn+1 + ϵjn−1∥2 +
(
λjI(ϵjn), 2k(ϵ

j
n+1 + ϵjn−1)

)
+

(
Q∑
i=1

(ϵin)qk,j , 2k(ϵ
j
n+1 + ϵjn−1)

)
+
(
T j
n+1, 2k(ϵ

j
n+1 + ϵjn−1)

)

∥ϵjn+1∥2 − ∥ϵjn−1∥2 ≤ 2k(αj + |qj,j |+ λjCI + 1)(∥ϵjn+1∥2 + ∥ϵjn−1∥2) + 2k|qj,j |∥ϵinn ∥2

+kλjCI∥ϵjn∥2 + k∥T j
n+1∥2 (3.3.30)

Let βj
1 = 2(αj + λjCI + 1), βj

2 = λjCI , βj
3 = 2|qj,j | and we have choose a parameter β such that

βj = max{βj
1, β

j
2, β

j
3}.

We have,

∥ϵjn+1∥2 − ∥ϵjn−1∥2 ≤ kβj(∥ϵjn+1∥2 + ∥ϵjn−1∥2 + ∥ϵjn∥2 + ∥ϵinn ∥2) + k∥T j
n+1∥2 (3.3.31)

56



3.3.1.3. IMEX-CNLF method

In order to maintain the generality, let’s suppose that 1 ≤ m ≤ N is an integer. Then summing up the

above inequality between n = 1 to n = m− 1, we get

∥ϵjm∥2 + ∥ϵjm−1∥2 − ∥ϵj0∥2 − ∥ϵj1∥2

≤ kβj(∥ϵj0∥2 + 2∥ϵj1∥2 + 3

m−1∑
n=2

(∥ϵjn∥2) + (∥ϵjm∥2 − ∥ϵjm−1∥2) +
m−1∑
n=1

∥ϵinn ∥2) + k

m−1∑
n=1

∥T j
n+1∥2.

Case 1. If ϵinn = max
i=1,2,··· ,Q

|ϵin| = ϵjn, for 1 ≤ n ≤ m, then

∥ϵjm∥2 + ∥ϵjm−1∥2 − ∥ϵj0∥2 − ∥ϵj1∥2

≤ kβj(∥ϵj0∥2 + 3∥ϵj1∥2 + 4

m−1∑
n=2

(∥ϵjn∥2) + (∥ϵjm∥2 − ∥ϵjm−1∥2)) + k

m−1∑
n=1

∥T j
n+1∥2.

Now imagine that the k is tiny enough such that
(
1− kβj

)
> 0 or k < 1

βj , then above inequality implies,

∥ϵjm∥2 + ∥ϵjm−1∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + k

m∑
n=2

∥T j
n ∥2)

≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 +mk max
2≤n≤m

∥T j
n ∥2). (3.3.32)

We know that mk ≤ T , then we have

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + max
2≤n≤m

∥T j
n ∥2), (3.3.33)

where C is a generic constant that is unaffected by the extent of the grid. The application of the discrete

Gronwall’s inequality leads to the result,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.34)

Case 2. If ϵinn = max
i=1,2,··· ,Q

|ϵin| ̸= ϵjn, then |ϵj0| < |ϵi0|, |ϵ
j
1| < |ϵi1| and let us consider ϵin = max{ϵi11 , ϵ

i2
2 , ϵ

i3
3 , ..., ϵ

in
n }.

Then we obtain

∥ϵjm∥2 + ∥ϵjm−1∥2 − ∥ϵj0∥2 − ∥ϵj1∥2

≤ kβj(∥ϵj0∥2 + 2∥ϵj1∥2 + 3

m−1∑
n=2

(∥ϵjn∥2) + (∥ϵjm∥2 − ∥ϵjm−1∥2) + ∥ϵi1∥2 +
m−1∑
n=2

∥ϵin∥2) + k

m−1∑
n=1

∥T j
n+1∥2.

Now imagine that the k is tiny enough such that
(
1− kβj

)
> 0 or k < 1

βj , then above inequality implies,

∥ϵjm∥2 + ∥ϵjm−1∥2 ≤ C(∥ϵj0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + k

m∑
n=2

∥T j
n ∥2).

≤ C(∥ϵj0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 +mk max
2≤n≤m

∥T j
n ∥2). (3.3.35)
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We know that mk ≤ T , then we have,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + max
2≤n≤m

∥T j
n ∥2), (3.3.36)

Now, we know that the left hand side of the inequality is satisfied for all the 1 ≤ j ≤ Q, since ej ∈ H, then

we can right as:

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.37)

The application of the discrete Gronwall’s inequality is now applied, and we get,

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + max
2≤n≤m

∥T j
n ∥2). (3.3.38)

Now, from (3.3.34) and (3.3.38), we obtained the outcome (3.3.25), and this completes the proof of Theorem

3.3.2.

Theorem 3.3.3 (IMEX-CNAB). Under the assumption k < 1
γj the scheme is stable in the following

sense:

∥ϵjm∥2 ≤ C

(
max

i=1,2,··· ,Q
∥ϵi0∥2 + max

i=1,2,··· ,Q
∥ϵi1∥2 + max

2≤n≤m
∥T j

n ∥2
)
, ∀ 2 ≤ m ≤ T

N
,

where C is a constant that depends on the parameters CI , rj, σj, λj and T , and γj1 = (2αj + 41|qj,j | +

2λjCI + 2), γj2 = 2(αj + k|qj,j |+ 13
4 λjCI + 1), γj3 =

λjCI

2 and we have choose a parameter γj such that

γj = max{γj1, γ
j
2, γ

j
3}.

Proof. The proof follows the same structure as the proof of Theorem 3.3.2.

In the following subsection, we describe the radial basis function-based finite difference technique that we

use to solve the resulting temporal semi-discretized algorithm.

3.3.2 Spatial Discretization

A function φ : Rd → R is called radial provided there exists a univariate function ϕ : [0,∞) → R such that

φ(x) = ϕ(r̃), where r̃ = ∥x∥ and ∥ · ∥ is some norm on Rd.

These functions can be broadly classified into two classes: infinitely smooth and piecewise smooth

radial basis functions. Classical choices of RBF are given in Table 1.1 with their order, where for any

x ∈ R, the symbol ⌈x⌉ denotes as usual the smallest integer greater than or equal to x.

The Gaussian and inverse multiquadric are positive definite functions, whereas thin plate spline and

multiquadric are conditionally positive definite functions of order s > 0. In this section, we briefly discuss

the implementation of the local radial basis function based finite difference scheme because, as we pointed
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out in the introduction, the proposed numerical scheme uses the radial basis function meshless method for

spatial discretization.

Let ΩM := {x1,x2, . . . ,xM} be a set of arbitrary discrete points in the domain Ω then using local RBF-

FD based method, any linear differential operator L at any arbitrary node xi ∈ ΩM can be approximated

locally as follows:

L v(xi) =

mi∑
j=1

ωjv(xj), (3.3.39)

where ωj are the unknown differential weights, and mi(<<M) is the stencil size in the sub-domain Ωi ⊂ Ω

containing the approximation point xi. Note that, the set Ωi precisely contain closest mi nodes of ΩM

in the neighbourhood of xi. One of the main components in the approximation of L v(xi) by means of

expression (3.3.39) is the computation of integral weight ωj as it depends on the approximation point

xi. In the traditional finite difference method, generally, the discretization points are equally spaced,

and the weights ωj are calculated efficiently by the use of conventional polynomial interpolation. However,

unlike the classical finite difference scheme, in the radial basis function method, the underline interpolation

strategy is not constrained by the uniform distribution of discretization points and can be incorporated

seamlessly even for the randomly distributed nodes. The RBF interpolation strategy that we have used

for the approximation of integral weight ωj is described in what follows.

Let v̂(x) stand for the RBF interpolant, which takes the input function v(x) and interpolates it at the

points {xi}mi
i=1 in the sub-domain Ωi. Then, we can express v̂(x) as

v̂(x) =

mi∑
j=1

ℓjϕ(∥x− xj∥) +
l∑

j=1

γjpj(x), (3.3.40)

where ∥ · ∥ represents the Euclidian norm and {pj(x)}lj=1 denote basis of
∏d

s−1, which is space of d-variate

polynomials of total degree ≤ s− 1, where s is the order of radial basis function ϕ.

By enforcing the following interpolation and orthogonality constraints, the coefficients ℓj and γj utilized

in equation (3.3.40) can be obtained;

v̂(xi) = v(xi), 1 ≤ i ≤ mi, (3.3.41)
mi∑
j=1

ℓjpk(xj) = 0, 1 ≤ k ≤ l. (3.3.42)

Now, all the unknowns in the (3.3.40) can be obtained by solving the following linear system, Ψ P

P⊺ O

ℓ
γ

 =

v |Ωi

O

 , (3.3.43)

where Ψ := (ϕij)1≤i,j≤mi := (ϕ∥xi − xj∥)1≤i,j≤mi ∈ Rmi×mi ,P := (pj(xi))1≤i≤mi,1≤j≤l ∈ Rmi×l.
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We can compute the differential weights wj used in the equation by forcing the linear combination

(3.3.39) to be accurate for RBFs {ϕ(∥x − xi∥)}mi
i=1, centred at each of the grid assessment points in sub-

domain Ωi. Therefore, the weights are derived by solving the following linear system using RBFs and

polynomials up to degree l.

 Ψ P

P⊺ O

ω
u

 =

[L ϕ(∥xi − xj∥)mi
j=1]

⊺

[L pj(xi)
l
j=1]

⊺

 (3.3.44)

it is crucial to know that the equation on the right (3.3.44) is simply,

[L ϕ(∥xi − x1∥) L ϕ(∥xi − x2∥) . . .L ϕ(∥xi − xmi
∥) | L p1(xi) L p2(xi) . . .L pl(xi)]

⊺.

It is easy to see that the linear system (3.3.44) is significantly smaller than the global RBF collocation

system (size M+ l) since its size is just mi+ l. Therefore, it offers an equation system that is more reliable

and productive.

3.3.3 Operator Splitting Methods for American Option

The RBF based IMEX technique described in the preceding part can be adapted to solve LCP (3.2.8) for

American option problems using the operator splitting method introduced by the Ikonen and Toivanen

[64] for determining the American put option. The primary idea behind the introduction of the operator

splitting method is to derive an expression with the help of an additional variable ψj such that ψj =

ujt − Luj . We can reformulate LCP (3.2.14) as:

∂uj

∂t − Luj = ψj ,

(u(x, t, ej)− Φj(Kex)) · ψj = 0,

u(x, t, ej)− Φj(Kex) ≥ 0,

ψj ≥ 0,

(3.3.45)

in the region Ω × J × H.

3.3.3.1 IMEX-BDF2-OS Method

Let us assume that the values {ujn, ψj
n} and {ujn−1, ψ

j
n−1} are a priory known at the points tn and tn−1.

Now, we perform the two sub-steps at discrete point tn+1, in first step, we compute an intermediate value

ũjn+1 using the following BVP
1
k

(
3
2 ũ

j
n+1 − 2ujn + 1

2u
j
n−1

)
−Dũjn+1 − λjI(E1ujn)− E(E1ujn) = ψj

n,

ũjn+1(xL) = K, ũjn+1(xR) = 0,
(3.3.46)

where E1ujn = 2ujn − ujn−1.
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Now, the operator splitting method’s second step is to project the ũjn+1 on constraint space to obtain

ujn+1 with the following correction terms

3
2

uj
n+1−ũj

n+1

k = ψj
n+1 − ψj

n,

ujn+1 ≥ Φj ,

ψj
n+1 ≥ 0,

ψj
n+1(u

j
n+1 − Φj) = 0.

(3.3.47)

Now by solving the problems (3.3.47), in (ujn+1, ψ
j
n+1) plane, we get

(ujn+1, ψ
j
n+1) =

 (Φj , ψj
n + 3

2

Φj−ũj
n+1

k ) if ũjn+1 − 2k
3 ψ

j
n ≤ Φj ,

(ũjn+1 − 2k
3 ψ

j
n, 0) otherwise.

(3.3.48)

Thus, the first step may be completed by solving a discrete equation (3.3.46), and the second step can be

performed by using the updating formula (3.3.48). The value on the previous two-time levels is required by

the implicit approach with three-time levels described above. Using initial condition and assigning value

ψj
0 = 0, the pair (uj0, ψ

j
0) on the zeroth time level may be obtained. Alternatively, the algorithm described

in [83] can be used. We may utilize the IMEX-BDF1-OS approach to determine the pair (uj1, ψ
j
1) at the

first level.

3.3.3.2 IMEX-CNLF-OS method

Following the previous procedure, for this case in the first step, we compute the intermediate value ũn+1

from the equations (
ũjn+1 − ujn−1

2k

)
= D

(
ũjn+1 + ujn−1

2

)
+ λjIujn + E(ujn) + ψj

n. (3.3.49)

Similarly, from previous steps, we use this intermediate solution in the second step to obtain ujn+1 with

the following correction: 

uj
n+1−ũj

n+1

2k = ψj
n+1 − ψj

n,

ψj
n+1(u

j
n+1 − Φj) = 0,

ujn+1 ≥ Φj ,

ψj
n+1 ≥ 0.

(3.3.50)

Now we will update (ujn+1, ψ
j
n+1), with

(ujn+1, ψ
j
n+1) =

 (Φj , ψj
n +

Φj−ũj
n+1

2k ) if ũjn+1 − 2kψj
n ≤ Φj ,

(ũjn+1 − 2kψj
n, 0) otherwise.

(3.3.51)

Since the above operator splitting scheme is a three steps scheme, for computing the first step (uj1, ψ
j
1), we

can use BDF1-OS method.
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3.3.3.3 IMEX-CNAB-OS method

Now, we find an expression for the CNAB discretization. Following the previous procedure, the two

sub-steps are performed at tn+1. In the first step, we compute the intermediate value ũn+1 from the

equations (
ũjn+1 − ujn

k

)
= D

(
ũjn+1 + ujn

2

)
+ λjI(E2ujn) + E(E2ujn) + ψj

n. (3.3.52)

Similarly, from previous steps, we use this intermediate solution in the second step to obtain ujn+1 with

the following correction: 

uj
n+1−ũj

n+1

k = ψj
n+1 − ψj

n,

ψj
n+1(u

j
n+1 − Φj) = 0,

ujn+1 ≥ Φj ,

ψj
n+1 ≥ 0.

(3.3.53)

Finally, in the second step, we can solve in (ujn+1, ψ
j
n+1) plane, with the adaptation of

(ujn+1, ψ
j
n+1) =

 (Φj , ψj
n +

Φj−ũj
n+1

k ) if ũjn+1 − kψj
n ≤ Φj ,

(ũjn+1 − kψj
n, 0) otherwise.

(3.3.54)

Since the IMEX-CNAB operator splitting scheme is a three steps scheme, for computing the first step

(uj1, ψ
j
1) we can use BDF1-OS method.

3.4 Numerical Discussion

In the present section, we provide ample numerical examples and scrutinize the convergence behavior of the

discussed methods (BDF2, CNLF, CNAB) for pricing European and American put options under Kou and

Merton regime-switching jump-diffusion models with variable coefficients. To compute the differential op-

erator, we use the thin plate spline (r̃4 ln r̃) radial basis functions with the second-degree space augmented

polynomial (
∏

2 := {1, x, x2}). To discretize the integral term (3.3.2) on truncated domain Ω, we used the

composite trapezoidal rule. We applied the Fast Fourier Transformation algorithm [5, 83] to compute the

product of a dense matrix and a column vector in the discrete integral operator. To confront the inequality

constraints in the LCP, we applied the three IMEX approaches in collaboration with the operator splitting

method. Each of the three computational strategies is intended to prevent the use of fixed point iteration

techniques for each economic condition and time step. The first two stages of all numerical experiments

are computed using the IMEX-BDF1 technique, and an equispaced grid with mi = 3 is employed. We

used MATLAB R2022b on a PC with Processor Intel(R) Core(TM) i5-10500 CPU @ 3.10GHz, 3096 Mhz,

6 Core(s), 12 Logical Processor(s) and 16.00GB RAM.

In our numerical simulation, three economic states are used to examine the pricing of the European and

American put options under the regime-switching Merton and Kou model with variable coefficients. We
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exhibit the option value and pointwise errors at various asset prices S = 90, 100, 110 of the corresponding

numerical technique withM spatial discretization points and N temporal discretization points, and all the

results are shown in the second state of the economy of the three states extended RSJD model. Using the

double mesh methodology, we approximate the pointwise errors, and we used the piecewise cubic Hermite

interpolation to analyze the price of the European and American put option at non-mesh points in the

computational domain Ω := [−2, 2].

First, we perform the numerical experiments for IMEX-BDF2, IMEX-CNLF, and IMEX-CNAB schemes

under the three states regime-switching jump-diffusion model, and the parameter values for the three states

RSJD model used in the simulations are,

r =


0.05

0.05

0.05

 , d =


0.00

0.00

0.00

 , σ =


σ1

σ2

σ3

 , A =


−0.8 0.6 0.2

0.2 −1.0 0.8

0.1 0.3 −0.4

 , λ =


0.3

0.5

0.7

 . (3.4.1)

Since volatility is an important factor in investing decisions, modeling and forecasting volatility are of

paramount importance for market practitioners. In order to price derivative securities, financial institutions

need to forecast stock price volatility. The volatility smile phenomenon is best explained by local volatility

models, which define volatilities as a deterministic function of current stock prices and time. In [75], Kim

and Lee explained the challenges of constant and Local volatility and then addressed the numerical and

theoretical treatments for these challenges. For the generalized Black-Scholes equation, Kim [76] provides

a mathematical approach for the reliable and precise construction of a local volatility surface. To perform

numerical simulation, we have taken three local volatility functions for all three states of the RSJD model

to describe the effects of local volatility surfaces in option pricing,

σ1(x, t) = 0.25 + 0.35(0.5 + 3(T − t))
(Kex

100 − 1.5)2

((Kex

100 )
2 + 1.7)

, (3.4.2)

σ2(x, t) = 0.15 + 0.15(0.5 + 2(T − t))
(Kex

100 − 0.5)2

((Kex

100 )
2 + 1.44)

, (3.4.3)

σ3(x, t) = 1.9x2 − 0.5x+ (0.7x− 0.2)(T − t) + 0.35, (3.4.4)

these local volatility surfaces also used in [85], and all three volatility surfaces are shown in Figure 3.1.

The Kou [79] and Merton model [96] are the two jump-diffusion models most prominently adopted for

pricing option value. We begin by taking into account the Merton model, where suitable parameters are

given by:

σJ =


0.35

0.45

0.55

 , µJ =


−0.95

−0.90

−0.85

 , T = 0.25, K = 100. (3.4.5)
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Figure 3.1: Local volatility surfaces for all three regimes.

and for the Kou model, we have taken the parameters:

η1 =


3

3

3

 , η2 =


2

2

2

 , T = 0.25, K = 100, p =


0.5

0.5

0.5

 . (3.4.6)

3.4.1 European Option

In the first numerical simulation, we presented the results for pricing the European put option under

Merton’s jump-diffusion model. We showed the option value and error at different asset prices for IMEX-

BDF2, IMEX-CNLF, and IMEX-CNAB methods under Merton’s model and data are reported in Table

3.1. We can observe that the convergence rate reached its asymptotic order when the temporal mesh
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length is sufficiently small. We have shown that all the proposed methods have approximate second order

accuracy with different values ofM and N . We have also shown the European put option value for IMEX-

BDF2, IMEX-CNLF, and IMEX-CNAB methods in Figure 3.2 (left) for Merton model, and the graphs

show that there is little to no erratic movement in option values close to the strike price.

We performed the same simulation for Kou’s model using the IMEX-BDF2, IMEX-CNLF, and IMEX-

Table 3.1: Numerical results for European put option under Merton’s three state regime-switching
jump-diffusion model with variable coeficients.

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

50 25 11.245178 - 6.933952 - 5.877318 -
100 50 11.008158 2.3702e-01 7.020822 8.6870e-02 5.924514 4.7197e-02

BDF2 200 100 10.970135 3.8022e-02 7.057014 3.6192e-02 5.931524 7.0101e-03
400 200 10.960003 1.0132e-02 7.066011 8.9974e-03 5.933501 1.9765e-03
800 400 10.957772 2.2312e-03 7.068246 2.2344e-03 5.933970 4.6940e-04
50 25 11.244921 - 6.934132 - 5.877298 -
100 50 11.008804 2.3612e-01 7.020976 8.6844e-02 5.924257 4.6959e-02

CNLF 200 100 10.970437 3.8366e-02 7.057152 3.6176e-02 5.931431 7.1742e-03
400 200 10.960151 1.0287e-02 7.066096 8.9441e-03 5.933464 2.0324e-03
800 400 10.957845 2.3056e-03 7.068292 2.1961e-03 5.933954 4.9042e-04
50 25 11.243306 - 6.930666 - 5.874136 -
100 50 11.005483 2.3782e-01 7.017840 8.7174e-02 5.921904 4.7768e-02

CNAB 200 100 10.967008 3.8475e-02 7.054201 3.6360e-02 5.929076 7.1716e-03
400 200 10.956717 1.0291e-02 7.063219 9.0186e-03 5.931101 2.0254e-03
800 400 10.954428 2.2893e-03 7.065446 2.2273e-03 5.931586 4.8523e-04

CNAB methods in the same lineup. The numerical results are shown in Table 3.2, and we can observe that

the errors are decreasing with a ratio of about four for all of the suggested approaches. As seen in Table

3.2, the discretization methods converge with approximately second-order precision in time. In Figure 3.2

(right), we illustrated the values of the European put options for Kou model.

Next, we use the above defined parameters of Kou’s model for the IMEX-BDF2 technique to select

a fine enough spatial mesh length, h = 1/210, such that time discretization dominates the errors. In the

second stage of the economy of three states RSJD model, we demonstrated the temporal convergence order

of the RBF based IMEX-BDF2 strategy for various values of N . The data are presented in Table 3.3.

From Table 3.3, we can observe that the convergence rate of the proposed method reached its asymptotic

order when the temporal mesh length sufficiently small (viz. k = 1
27 ).

We have also exhibited the option value, error, and spatial convergence order of all proposed methods

with the CPU time (in seconds) at various asset prices in the second stage of the economy in Table 3.4
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Figure 3.2: European put option value under three-state regime-switching jump-diffusion model with
variable coefficients.
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Table 3.2: Numerical results for European put option under Kou’s three state regime-switching
jump-diffusion model with variable coefficients.

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

50 25 11.689794 - 5.051800 - 2.354535 -
100 50 11.607938 8.1856e-02 4.987953 6.3846e-02 2.284626 6.9909e-02

BDF2 200 100 11.592725 1.5213e-02 4.984897 3.0560e-03 2.271090 1.3535e-02
400 200 11.587811 4.9142e-03 4.984540 3.5737e-04 2.267141 3.9489e-03
800 400 11.586681 1.1298e-03 4.984469 7.0640e-05 2.266242 8.9926e-04
50 25 11.691574 - 5.053947 - 2.356302 -
100 50 11.608842 8.2732e-02 4.988829 6.5119e-02 2.285473 7.0829e-02

CNLF 200 100 11.593212 1.5630e-02 4.985423 3.4069e-03 2.271552 1.3920e-02
400 200 11.588063 5.1493e-03 4.984825 5.9724e-04 2.267382 4.1696e-03
800 400 11.586809 1.2538e-03 4.984618 2.0757e-04 2.266365 1.0172e-03
50 25 11.689570 - 5.050809 - 2.354549 -
100 50 11.607579 8.1991e-02 4.987409 6.3400e-02 2.284543 7.0006e-02

CNAB 200 100 11.592145 1.5434e-02 4.984450 2.9596e-03 2.270819 1.3725e-02
400 200 11.587108 5.0371e-03 4.984044 4.0550e-04 2.266760 4.0590e-03
800 400 11.585915 1.1932e-03 4.983923 1.2089e-04 2.265801 9.5823e-04

Table 3.3: Numerical results for the temporal convergence order of RBF-BDF2 for pricing European
option under kou’s RSJD model with a fixed M = 1024.

S = 90 S = 100 S = 110
k= 1

2l
Value Error order Value Error order Value Error order CPU Time

l=1 12.314884 - - 5.846382 - - 3.364397 - - 0.163169
l=2 11.225824 1.089059e+00 - 3.982386 1.863995e+00 - 1.850260 1.514137e+00 - 0.166911
l=3 11.462359 2.365353e-01 2.2029 4.699346 7.169596e-01 1.3784 2.116495 2.662354e-01 2.5077 0.406020
l=4 11.546211 8.385175e-02 1.4961 4.923372 2.240264e-01 1.6782 2.217345 1.008493e-01 1.4005 0.818643
l=5 11.575821 2.960961e-02 1.5017 4.970056 4.668350e-02 2.2626 2.253394 3.604994e-02 1.4841 1.488376
l=6 11.583974 8.153356e-03 1.8605 4.980816 1.075962e-02 2.1172 2.263086 9.691343e-03 1.8952 2.925509
l=7 11.585915 1.940341e-03 2.0710 4.983541 2.725175e-03 1.9812 2.265386 2.300204e-03 2.0749 5.715759
l=8 11.586382 4.674953e-04 2.0532 4.984232 6.908606e-04 1.9798 2.265945 5.585278e-04 2.0420 11.364792
l=9 11.586496 1.144254e-04 2.0305 4.984406 1.743147e-04 1.9867 2.266082 1.375358e-04 2.0218 22.796509
l=10 11.586525 2.827664e-05 2.0167 4.984450 4.380926e-05 1.9923 2.266116 3.411314e-05 2.0114 45.944449
l=11 11.586532 7.026064e-06 2.0088 4.984461 1.098319e-05 1.9959 2.266125 8.493536e-06 2.0058 93.989520

using the above defined parameters of Merton’s model with a fixed N = 512. It’s demonstrated that all

proposed methods are second-order convergent in spatial dimension.

From a computational perspective, the efficiency of the proposed IMEX schemes is primarily governed

by the solution of the sparse linear systems arising from the RBF–FD spatial discretization at each time

level. Since all schemes employ the same spatial discretization, the observed differences in CPU time

are mainly attributable to the temporal integration strategy. The numerical results presented in Table

3.4 show that the IMEX-BDF2 scheme consistently requires less CPU time than the IMEX-CNLF and
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Table 3.4: Numerical results for the spatial convergence order of all the proposed methods for pricing
European option under Merton model with a fixed N = 512.

S = 90 S = 100 S = 110
M Value Error order Value Error order Value Error order CPU Time
32 23.559360 - - 20.662187 - - 18.546241 - - 0.128288
64 23.612237 7.2473e-02 - 20.723654 5.1786e-02 - 18.594220 3.0677e-02 - 0.275653
128 23.624984 1.5890e-02 2.1892 20.737036 1.1231e-02 2.2050 18.603088 3.4876e-03 3.1368 1.185904

BDF2 256 23.627679 3.0493e-03 2.3816 20.740241 2.7288e-03 2.0411 18.605151 7.6914e-04 2.1809 4.253184
512 23.628387 8.3198e-04 1.8738 20.741031 6.7538e-04 2.0145 18.605657 1.8472e-04 2.0578 21.784663
1024 23.628558 1.9848e-04 2.0675 20.741227 1.6805e-04 2.0067 18.605783 4.5617e-05 2.0177 91.669085
32 21.597424 - - 19.450693 - - 17.909388 - - 0.152058
64 21.816733 2.1930e-01 - 19.625694 1.7500e-01 - 17.954515 4.5127e-02 - 0.265641
128 21.866324 4.9590e-02 2.1448 19.649530 2.3836e-02 2.8761 17.958302 3.7872e-03 3.5747 1.297801

CNLF 256 21.877473 1.1149e-02 2.1531 19.654903 5.3731e-03 2.1493 17.959392 1.0903e-03 1.7963 4.739584
512 21.880189 2.7159e-03 2.0373 19.656226 1.3224e-03 2.0225 17.959675 2.8315e-04 1.9451 24.190640
1024 21.880870 6.8088e-04 1.9959 19.656561 3.3502e-04 1.9808 17.959752 7.7035e-05 1.8779 100.709713
32 17.159722 - - 12.331639 - - 9.124172 - - 0.167202
64 17.056482 1.0323e-01 - 12.229500 1.0213e-01 - 9.008812 1.1535e-01 - 0.327920
128 17.030091 2.6391e-02 1.9678 12.210377 1.9122e-02 2.4171 8.989653 1.9159e-02 2.5900 1.594833

CNAB 256 17.022327 7.7634e-03 1.7653 12.205892 4.4851e-03 2.0920 8.984925 4.7276e-03 2.0188 5.585655
512 17.020580 1.7477e-03 2.1511 12.204796 1.0964e-03 2.0323 8.983783 1.1420e-03 2.0494 28.440750
1024 17.020131 4.4855e-04 1.9621 12.20452 2.7036e-04 2.0197 8.983502 2.8077e-04 2.0241 116.358402

IMEX-CNAB schemes while maintaining comparable or superior accuracy. This improved efficiency can

be attributed to the favorable stability properties of the BDF2 formulation, which allow accurate solu-

tions to be obtained with reduced computational effort. Although IMEX-CNLF and IMEX-CNAB are

straightforward to implement, their overall execution times are slightly higher for the problems considered.

However, the lower CPU time of IMEX-BDF2, combined with its second-order temporal accuracy and ro-

bust performance, makes it particularly attractive for option pricing applications involving stiff PDEs and

PIDEs.

We have also plotted the Gamma & Delta for European option, in Figure 3.3. For the Delta & Gamma,

we used the above defined parameters for Kou’s model at N = 512 and M = 1024 and plotted the curves

at all economic stages under the three-states RSJD model with variable coefficients.

In Table 3.5, we showed the Errors at different values of M and N using the parameters of [85] and

compared our computational results with Table 1 of [85]. From Table 3.5, we can observe our proposed

method is giving better results than Lee [85].

Further, we took the large values for the intensity of the Poisson process λ and showed the convergence

order of the BDF2 method for Merton’s jump-diffusion model using the parameters of [85]. We took

λj = 10 and λj = 25 and showed that the method is second-order convergent in time even if we choose

the larger value of λ. In Table 3.6, we showed the option value, error, and temporal convergence order of

the IMEX-BDF2 method with the CPU time (in seconds) at different asset prices in the third stage of the

economy.
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Figure 3.3: Under the three-states RSJD model with variable coefficients, European put option Delta
(left) and Gamma (right) curves at all economic stages at N = 512 and M = 1024.
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Table 3.5: Comparison of numerical errors for pricing European option with Table 1 of Lee [85].

S = 90 S = 100 S = 110
M N Lee [85] Present Method Lee [85] Present Method Lee [85] Present Method
64 50 0.159998 0.063262 0.502315 0.056211 0.236599 0.045502
128 100 0.054960 0.016795 0.109948 0.002254 0.064131 0.002825
256 200 0.014193 0.005868 0.026055 0.001711 0.016214 0.000796
512 400 0.003569 0.000788 0.006443 0.000772 0.004063 0.000410
1024 800 0.000893 0.000070 0.001607 0.000354 0.001016 0.000183
2048 1600 0.000223 0.000070 0.000401 0.000168 0.000254 0.000084

Table 3.6: Numerical results for pricing European option using IMEX-BDF2 method for different
values of λ with the parameters in [85].

S = 90 S = 100 S = 110
N Value Error order Value Error order Value Error order CPU Time
16 43.808411 - - 41.122927 - - 38.789901 - - 2.834413
32 43.948454 1.4004e-01 - 41.254108 1.3118e-01 - 38.915125 1.2522e-01 - 5.708413

λj = 10 64 43.979449 3.0994e-02 2.1757 41.283951 2.9842e-02 2.1361 38.944867 2.9741e-02 2.0739 11.647500
128 43.986908 7.4594e-03 2.0548 41.291241 7.2900e-03 2.0333 38.952211 7.3437e-03 2.0179 22.591865
256 43.988746 1.8372e-03 2.0215 41.293046 1.8051e-03 2.0138 38.954037 1.8255e-03 2.0081 45.695432
16 61.544549 - - 59.649727 - - 57.913504 - - 2.901904
32 61.662526 1.1797e-01 - 59.763357 1.1363e-01 - 58.023232 1.0972e-01 - 5.493071

λj = 25 64 61.688508 2.5981e-02 2.1829 59.788241 2.4883e-02 2.1910 58.046774 2.3542e-02 2.2206 11.081254
128 61.694636 6.1278e-03 2.0840 59.794123 5.8823e-03 2.0807 58.052382 5.6073e-03 2.0698 22.079019
256 61.696143 1.5068e-03 2.0238 59.795574 1.4502e-03 2.0200 58.053767 1.3857e-03 2.0166 44.646502

3.4.2 American Option

For pricing such American options, authors in [116] combine an operator splitting approach with the dy-

namic least-squares approximation, and the author of [85] put forward the three-time level IMEX approach

combined with the OS technique. We executed the same simulation for RBF-FD based IMEX-BDF2,

IMEX-CNLF, and IMEX-CNAB methods combined with the operator splitting method for pricing the

American option under Merton’s and Kou’s regime-switching jump-diffusion model with variable volatil-

ity. The proposed techniques with three-time levels joined by the operator splitting method result in a

linear system at each time step that can be readily solved using LU decomposition without fixed point

repetition. We presented the option value and error at different values of M and N for both the Merton

and Kou models in Table 3.7 and Table 3.8 respectively.

From Table 3.7 and Table 3.8, we can observe that the pointwise errors for the American put option

are decreasing with the ratio of approximately four. So, all the proposed methods are converging with
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approximate second order accuracy in time. We have shown the option values for the Merton and Kou

models in Figure 3.4.

Table 3.7: Numerical results for American put option under Merton’s three-state regime-switching
jump-diffusion model with variable coefficients.

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

50 25 11.354228 - 6.999497 - 5.942431 -
100 50 11.188430 1.6579e-01 7.094424 9.4926e-02 5.990659 4.8229e-02

BDF2 200 100 11.183625 4.8052e-03 7.135321 4.0897e-02 5.998173 7.5141e-03
400 200 11.184654 1.0290e-03 7.146444 1.1123e-02 6.000374 2.2003e-03
800 400 11.185629 9.7480e-04 7.149409 2.9656e-03 6.000924 5.5038e-04
50 25 11.354592 - 7.001242 - 5.943791 -
100 50 11.188702 1.6589e-01 7.095136 9.3895e-02 5.991010 4.7219e-02

CNLF 200 100 11.183928 4.7745e-03 7.135723 4.0587e-02 5.998389 7.3794e-03
400 200 11.184826 8.9819e-04 7.146653 1.0930e-02 6.000490 2.1013e-03
800 400 11.185738 9.1173e-04 7.149522 2.8691e-03 6.000985 4.9464e-04
50 25 11.354449 - 6.999679 - 5.942138 -
100 50 11.188571 1.6588e-01 7.094453 9.4774e-02 5.990710 4.8572e-02

CNAB 200 100 11.183706 4.8655e-03 7.135391 4.0938e-02 5.998241 7.5317e-03
400 200 11.184702 9.9600e-04 7.146510 1.1119e-02 6.000420 2.1784e-03
800 400 11.185656 9.5376e-04 7.149450 2.9400e-03 6.000950 5.3042e-04

Determining the early exercise boundary is the most crucial aspect of the American put option, and

Figure 3.5 shows these curves for all economic conditions. For the sensitivity analysis, we have taken

above defined parameters for Merton model with N = 256 and M = 400 and different values of λj =

0.1, 0.5, 1.0, 1.5, 2.0, and showed the effects of the intensity of the Poisson process λ on the early exercise

boundary for American put option in all three states of the economy of three states RSJD model with

variable coefficients. In Table 3.9, we showed the errors at different asset prices using the parameters given

in [85] for pricing the American put option, and results are compared with Table 3 of Lee [85]. From Table

3.9, we observed that although both methods achieved a second order convergence rate in time, but the

proposed method provides a better result than Lee [85].

3.5 Conclusion

In this chapter, we presented the RBF based three IMEX finite difference methods, namely, BDF2, CNLF,

and CNAB, for solving the PIDEs that come out when an underlying asset exhibits behavior consistent

with the extended regime-switching jump diffusion method. An RBF based finite difference method is used

to solve the linear differential equations that come from the temporal semi-discretization of the governing
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Figure 3.4: American put option value under three-state regime-switching jump-diffusion model with
variable coefficients.
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Table 3.8: Numerical results for American put option under Kou’s three state regime-switching
jump-diffusion model with variable coefficients.

S = 90 S = 100 S = 110
Method M N Value Error Value Error Value Error

50 25 11.704588 - 5.063014 - 2.363686 -
100 50 11.623311 8.1277e-02 4.999502 6.3511e-02 2.294042 6.9644e-02

BDF2 200 100 11.608237 1.5074e-02 4.996537 2.9655e-03 2.280573 1.3469e-02
400 200 11.603358 4.8788e-03 4.996202 3.3478e-04 2.276641 3.9311e-03
800 400 11.602236 1.1218e-03 4.996137 6.5202e-05 2.275746 8.9504e-04
50 25 11.706839 - 5.065485 - 2.365711 -
100 50 11.624426 8.2413e-02 5.000507 6.4978e-02 2.294989 7.0721e-02

CNLF 200 100 11.608826 1.5600e-02 4.997123 3.3837e-03 2.281082 1.3907e-02
400 200 11.603659 5.1667e-03 4.996516 6.0710e-04 2.276905 4.1772e-03
800 400 11.602388 1.2712e-03 4.996299 2.1738e-04 2.275880 1.0248e-03
50 25 11.705389 - 5.062765 - 2.364301 -
100 50 11.623883 8.1505e-02 4.999635 6.3130e-02 2.294510 6.9791e-02

CNAB 200 100 11.608535 1.5348e-02 4.996732 2.9032e-03 2.280825 1.3685e-02
400 200 11.603509 5.0262e-03 4.996334 3.9804e-04 2.276772 4.0529e-03
800 400 11.602312 1.1970e-03 4.996211 1.2248e-04 2.275813 9.5945e-04

Table 3.9: Comparison of numerical errors for pricing American option with Table 3 of Lee [85].

S = 90 S = 100 S = 110
M N Lee [85] Present Method Lee [85] Present Method Lee [85] Present Method
64 50 0.180968 0.059502 0.468914 0.068911 0.223403 0.035978
128 100 0.049768 0.018486 0.100028 0.004249 0.058720 0.005140
256 200 0.012693 0.007057 0.023656 0.002164 0.014867 0.001053
512 400 0.003183 0.001223 0.005848 0.000677 0.003729 0.000429
1024 800 0.000796 0.000312 0.001458 0.000199 0.000933 0.000138
2048 1600 0.000199 0.000077 0.000364 0.000052 0.000233 0.000038

equation, and a composite trapezoidal method is used to calculate the integral term involved in PIDE. We

applied the IMEX-BDF2, IMEX-CNLF, and IMEX-CNAB techniques joined with the operator splitting

method to handle the inequality restrictions in the LCP for pricing American option; it produces a linear

system at each time step that can be easily solved by LU decomposition without the use of fixed-point

iteration. The numerical experiments with European and American put options are performed using

the Merton and Kou model with local volatility. The numerical results demonstrate that the suggested

techniques are precise and effective. The option value, error, and some Greeks (Delta & Gamma) can be

precisely estimated using the suggested techniques.
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Figure 3.5: Using the operator splitting method in conjunction with the RBF-FD based IMEX-CNLF
method, the early exercise boundary curves for the American put option were derived under the regime-
switching Merton model with variable coefficients at N = 256 and M = 400.
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4
RADIAL BASIS FUNCTION-BASED FINITE DIFFERENCE

SCHEMES FOR PRICING ASIAN OPTIONS UNDER A

REGIME-SWITCHING JUMP DIFFUSION MODEL
1

This chapter delves into the construction of RBF-FD implicit-explicit difference temporal semi-discretization

schemes for solving a moving boundary partial integro-differential equation system governing regime-

switching jump-diffusion for Asian option pricing.

4.1 Introduction

Asian options are a kind of financial derivative whose payoff is dependent on the average price of the

underlying asset over a given time period rather than only on the asset’s price at maturity. Investors and

traders prefer these options since they assist to minimize the impact of market manipulation on the under-

lying asset near expiration. Pricing Asian options, therefore, presents major difficulties as the distribution

of the average asset price is usually not analytically tractable, especially under the typically assumed

geometric Brownian motion model. Though difficult, Asian options are crucial tools in financial markets

as they provide clear benefits for both speculative methods and risk management. Consequently, several

computational techniques have been introduced to precisely price these derivatives such as Monte Carlo

simulation techniques suggested by Broadie et al. [19] and Kemna and Vorst [74], dimension reduction

methods presented by Vecer [125], and perturbation techniques developed by Zhang [142]. All of these

1The results discussed in this chapter have been published in Engineering Analysis with Boundary
Elements , 97, 645-685 (2025). https://doi.org/10.1016/j.enganabound.2025.106400.
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a Regime-Switching Jump Diffusion Model

studies fall within the Black-Scholes paradigm. The BS model, while widely used, is recognised to have

a number of flaws, including inconsistent implied volatility smiles (or skews) with market observations.

The literature has proposed several BS model adaptations to provide more accurate representations of

asset price movements. Specifically, the implied volatility grin (smirk) empirical behaviour has been taken

into account by extending the BS model. The two most often used extensions are jump-diffusions and

regime-switching models.

Adding a finite-state Markov chain to the GBM model is one method of adding more unpredictability

to the BS model; these models are known as Markovian regime-switching models [55]. Regime-switching

models are able to better capture changes in macro-market conditions while maintaining some degree of

model simplicity. This is accomplished by permitting the model parameters, including volatility, rate of

return, interest rate, and dividend rate, to assume varying values across distinct regimes. Furthermore, as

shown by Yao et al. [139], regime-switching models may produce implied volatility smiles that are often

seen in empirical research. A handful of studies, including Boyle and Draviam [16], Yuen and Yang [141]

have addressed the valuation of Asian options within regime-switching frameworks, despite the extensive

literature available on the pricing of European and American options under similar models.

Adding jumps to the GBM is a significant additional approach for BS model expansions, as shown

in [96]. Compared to the standard BS model, there is comparatively less published research on pricing

Asian options under a jump diffusion framework. The partial integro-differential equation may be directly

solved using a semi-Lagrangian method as demonstrated in [41] and by Vecer and Xu [126], who provide

a representation for Asian options inside semi-martingale frameworks through the analysis of the PIDE.

The method suggested in [11] builds upon the work of Vecer and Xu [126] by creating a series of functions

that converge uniformly to option price.

The pricing of Asian options using RSJD models that incorporate both regime-switching and jump-

diffusions, is the primary emphasis of this work. We draw attention to the two pertinent gaps in the body

of literature that served as the inspiration for this effort. First and foremost, the literature on pricing

options under RSJD models is restricted to European and American options despite the fact that there

has been a lot of interest in applying these models to a wide range of financial challenges. Examples include

modeling electricity prices [130], short rates [117], portfolio selection [145], and option pricing [31, 110].

Second, it is unrealistic to assume that the Markov chain is independent of Brownian motion as is often

done in the literature on Markovian RS models, particularly when it comes to options that are based on

significant indexes like the S&P 500. To be more precise, this assumption means that although the asset

price may be affected by the regime transition, the asset price itself has no bearing on how quickly or slowly

the regime changes. This independence assumption is not feasible for options written on large indexes,

even if it seems reasonable for options written on individual stocks because we may assume that the price
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movement of the specific stock has no effect on the market as a whole. This is due to the possibility that

the index itself may serve as an indication of market conditions in this instance, necessitating consideration

of the index’s impact on the market as a whole. This is the reason why it is extremely desirable to loosen

the independence assumption indicated above and allow the regime-switching to depend on the underlying

asset process whenever pricing options written on key indexes under a regime-switching model. For a

thorough examination of this novel and significant class of stochastic models, we direct the reader to the

most current work by Yin and Zhu [90].

In this chapter, we provide two finite difference techniques based on RBF that preserve the positivity

of the solution to the differential issue. We concentrate on the numerical solution of a moving boundary

PIDE system governing RSJD model for pricing Asian option. Since radial basis function mesh-free meth-

ods provide spectral convergence for smooth solutions in complicated geometry, they are often used in the

solution of partial differential equations. There is no spectrum convergence with RBF-FD. Nevertheless,

spectral convergence can only be attained by RBF when applied throughout the whole domain, notwith-

standing potential stability issues. In this regard, Li et al.[87] expanded the concept to solve the system of

PDE emerging in options pricing under the RS model, and Haghi et al.[52] provided an RBF-FD approach

for American options under the JD models. While Rad et al.[109] proposed an interpolation technique

utilising radial basis functions to predict the price of options, Bastani et al.[9] developed a radial basis

collocation method. Kadalbajoo et al.[67, 69, 70] investigated the effectiveness of the meshfree technique

in solving one and high-dimensional option pricing issues using the local radial basis function. Shirzadi et

al.[114, 115] proposed a mesh-free moving least-squares approach for jump-diffusion models, which resulted

in an optimal uniform error estimates for pricing. Under the local volatility jump-diffusion framework, we

have developed the RBF-FD based IMEX methods for pricing options [135]. A hybrid RBF-FD solution

combining Gaussian and multiquadric functions has recently been provided by [3] to solve high-dimensional

PDE for multi-asset options utilising parabolic time-dependent models. [38, 100, 116, 136] and references

therein include further mesh-free work on option pricing. For more on the IMEX methods one can see

[22, 70, 71, 73, 86, 112, 127, 129].

The purpose of this chapter is to provide stability estimates and the RBF-FD based BDF2 and CNLF

temporal semi-discretization methods for pricing Asian options in a Markovian regime-switching jump-

diffusion framework.

The rest of the chapter is structured as follows. First, we define the Markovian regime-switching

jump-diffusion model and discuss the fundamental terms, symbols, and premises that will be utilised in

this work. We also discuss how the moving-boundary PIDE is derived and its associated characteristics.

We describe the RBF-FD based discretization methods and provide a stability analysis of the provided

schemes in Section 4.3. The spatial discretization is shown in Section 4.4. To validate the theoretical
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results, numerical experiments for pricing Asian options are demonstrated in Section 4.5.

4.2 RSJD Model For Asian Option

In accordance with the regime-switching jump-diffusion model, this study focuses on the aforementioned

subject matter. It is assumed, in accordance with risk-neutral measures, that the underlying asset Sτ

adheres to the RSJD model:

dSτ

Sτ
= (r(ρ(τ))− d(ρ(τ))− λ(ρ(τ))κ(ρ(τ)))dτ + η(ρ(τ)− 1)dNτ + σ(ρ(τ))dWτ , (4.2.1)

Let (Wτ ) indicate a standard Brownian motion, and let (ρ(τ)) represent a continuous-time Markov chain

with a finite state space {e1, e2, . . . , eq}. We suppose for any state ρ(τ) = ej , with j ∈ Q = {1, 2, . . . , q},

that the interest rate r(ej) = rj , the dividend yield d(ej) = dj , and the volatility σ(ej) = σj are all

non-negative constants. In addition, we consider a Poisson jump process Nτ characterized by the following

parameters: the jump intensity is given by λ(ej) = λj > 0, the jump amplitude is η(ej)− 1 = ηj − 1, and

the expected value of the jump size is κ(ej) = κj = E[ηj − 1]. The random variable ηj is defined here as

ηj = eY (ej) = eYj , where Yj is the logarithmic jump size. For each j ∈ Q, the random variables Yj are

considered to be independent and follow Gaussian distributions.

f(y; ej) =
1

√
2πσj

J

exp

(
−
(y − µj

J)
2

2(σj
J)

2

)
, (4.2.2)

using the constants j > 0 and µj for j ∈ Q as the variables. Utilize the notation A = (ajl)j,l∈Q to represent

the generation matrix of the Markov chain mechanism. This matrix is characterised by constant entries

that satisfy the condition ajl > 0 for j ̸= l ∈ Q and j, l ∈ Q, and
∑q

l=1 ajl = 0 for j ∈ Q. In conclusion,

let us assert that the variables ρ(τ), Wτ , and Nτ are independent under certain conditions.

Provide

Aτ =

∫ τ

0

Sldl (4.2.3)

So, the Asian option’s price that’s based on the continuous arithmetical average is given by

U(Sτ , Aτ , τ ; ej) = e−rj(T−τ)Eτ [max(AT /T −K, 0)], j ∈ Q, (4.2.4)

In this context, Eτ denotes the conditional expectation at present time τ , with T signifying the expiry

date and K representing the strike price.

As per [35, 93], the value U(S,A, τ ; ej), including the dummy variables S and A, conforms to the subsequent

PIDE setup,
∂U

∂τ
(Sτ , Aτ , τ ; ej) + LU(Sτ , Aτ , τ ; ej) = 0, j ∈ Q. (4.2.5)

The spatial differential operator is defined as

LU(Sτ , Aτ , τ ; ej) =
1

2
σ2
jS

2 ∂
2U

∂S2
(Sτ , Aτ , τ ; ej) + (rj − dj − λjκj)

∂U

∂S
(Sτ , Aτ , τ ; ej)
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−(rj + λj − ajj)U(Sτ , Aτ , τ ; ej) + S
∂U

∂A
(Sτ , Aτ , τ ; ej)

+λj

∞∫
−∞

U(eySτ , Aτ , τ ; j)f(y; ej)dy +

l=d∑
l=1

ajlU(Sτ , Aτ , τ ; l), (4.2.6)

where the boundary condition U(S,−∞, τ ; ej) = 0 for j ∈ Q and U(S,A, T ; ej) = max(A/T −K, 0) is the

terminal condition that determines the boundary of the set. In order to effectively address the issue, Ma

and Wang [93] have identified an accurate solution for system (4.2.6) in the area where A ≥ KT for any

t ≤ T .

U(S,A, τ ; ej) = (
A

T
−K)e−rj(T−τ) +

S

(dj − rj)T
(e−rj(T−τ) − e−dj(T−τ)), j ∈ Q, (4.2.7)

afterwards, by performing the change of variables, for each j ∈ Q,

z =
T − t

T
+
K −A/T

S
, V (z, t; ej) =

U(S,A, τ ; ej)

S
, τ = T − t, j ∈ Q. (4.2.8)

Therefore, the solution (4.2.7) may be interpreted as

V (z, t; ej) = −(z − T − t

T
)e−rjt +

1

(dj − rj)T
(e−rjt − e−djt), z ∈ (−∞,

T − t

T
], (4.2.9)

and for j ∈ Q, the PIDE system (4.2.6) has been transformed as a one-dimensional PIDE system’s moving

boundary problem, which describes the following:

∂V

∂t
(z, t; ej) − 1

2
σ2
j (z −

T − t

T
)2
∂2V

∂z2
(z, t; ej) + (rj − dj − λjκj) (z −

T − t

T
)
∂V

∂z
(z, t; ej)

+(dj + λj + λjκj − ajj)V (z, t; ej)− λj

∞∫
−∞

eyV

(
(z − T−t

T )

ey
+
T − t

T
, t; ej

)
f(y; ej)dy

−
l=d∑
l=1

ajlV (z, t; l) = 0, z ∈ (
T − t

T
,∞), t ∈ (0, T ] (4.2.10)

using the following starting and stopping conditions,

V (z, 0; ej) = 0, z ∈ [1,∞), (4.2.11)

V (
T − t

T
, t; ej) =

1

(dj − rj)T
(e−rjt − e−djt), t ∈ (0, T ], (4.2.12)

V (+∞, t; ej) = 0, z ∈ [1,∞). (4.2.13)

4.2.1 IMEX Methods

A finite interval ΩT =
[
T−t
T , Z

]
is created by truncating the semi-infinite domain

[
T−t
T ,+∞

)
for compu-

tational efficiency. Z is a well-determined cutoff such that the option value satisfies V (Z, t; ej) ≈ 0. This
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presumption guarantees that the numerical solution is minimally affected by the boundary at Z. Next, a

change of variables is performed to make the analysis and calculation easier, as follows:

x = ln

(
z − T−t

T

Z − T−t
T

)

and denoting u(x, t; ej) = V (T−t
T + ex(Z − T−t

T ), t; ej), we can transform the system (4.2.10) into

∂u(x, t; ej)

∂t
= Du(x, t; ej) + Iu(x, t; ej) + Eu(x, t; ej), x ∈ (−∞, 0], t ∈ (0, T ], (4.2.14)

where,

Du(x, t; ej) =
σ2
j

2

∂2u(x, t; ej)

∂x2
+

(
ex − 1

Tex
1

Z − T−t
T

− rj −
σ2
j

2
+ dj + λjαj

)
∂u(x, t; ej)

∂x

−(λj + dj + λjαj − ajj)u(x, t; ej), (4.2.15)

Iu(x, t; ej) = λj

∫ ∞

−∞
eyu(x− y, t; ej)f(y; ej)dy, (4.2.16)

Eu(x, t; ej) =
d∑

l=1,l ̸=j

ajlu(x, t; l), (4.2.17)

subject to the following initial points

u(x, 0; ej) = 0, x ∈ (−∞, 0], (4.2.18)

and the final points

u(−∞, t; ej) =
1

(dj − rj)T
(e−rjt − e−djt), t ∈ (0, T ], (4.2.19)

u(0, t; ej) = 0, t ∈ (0, T ]. (4.2.20)

The infinite domain (−∞, 0] for the variable x is trimmed to the finite interval [−X, 0], where X > 0

is chosen so that e−X ≈ 0, hence minimizing the impact of the truncation on the solution. The system

(4.2.14) represents a linear parabolic equation characterized by continuous coefficients and beginning con-

ditions. Consequently, the solutions u exhibit high-order regularity, indicating they possess considerable

smoothness. We will now examine the IMEX strategy to address the PIDE (4.2.14). We divide the uniform

temporal and spatial meshes as outlined below:

tn = nk, n = 0, 1, ..., N, xi = −X + i∆x, i = 0, 1, ...,M.

Let M be a positive integer with ∆x = X
M and N is also a positive integer with k = T

N , where ∆x and

k represents step sizes in both spatial and temporal domain.
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4.3. Time Discretization

Assume ζ = xi − y, then in view of boundary condition (4.2.19), the integral part in (4.2.14) can be

discretized at the mesh point (xi, tn; ej) as follows:∫ +∞

−∞
exi−ζu(xi − y, tn; ej)f(y; ej)dy =

∫ +∞

−∞
exi−ζu(ζ, tn; ej)f(xi − ζ; ej)dζ

≈
M∑
j=1

∫ xj

xj−1

[
exj−xj

ζ − xi
xj−1 − xj

u(xj−1, tn; ej)f(xi − ζ; ej)

+exi−ζ ζ − xj−1

xj − xj−1
u(xj , tn; ej)f(xi − ζ; ej)

]
dζ +R(xi, tn; ej)

= I(xi, tn; ej) +R(xi, tn; ej), j ∈ D (4.2.21)

where the expression R(xi, tn; ej) may be readily computed as follows

R(xi, tn; ej) =
e−rjtn − e−djtn

(dj − rj)T

[
1− ϕ

(
xi +X − µj − ϱ2j

ϱj

)]
eµj+

ϱ2j
2 , (4.2.22)

here ϕ(·) represents the function of the standard normal distribution. We can directly calculate the term

in (4.2.21) as follows:∫ xj

xj−1

exi−ζ ζ − xj
xj−1 − xj

f(xi − ζ; ej)dζ = − exp

(
µj +

ϱ2j
2

)∫ xj

xj−1

ζ − xj
xj−1 − xj

dF (xi − ζ; ej)

= exp

(
µj +

ϱ2j
2

)[
F (xi − xj−1; ej)−

∫ xj

xj−1
F (xi − ζ; ej)dζ

xj − xj−1

]
,

where F (x; ej) = Φ
(

x−µj−ϱ2
j

ϱj

)
. In the same way, for j ∈ D,

∫ xj

xj−1

exi−ζ ζ − xj−1

xj − xj − 1
f(xi − ζ; ej)dζ = − exp

(
µj +

ϱ2j
2

)∫ xj

xj−1

ζ − xj−1

xj − xj−1
dF (xi − ζ; ej)

= − exp

(
µj +

ϱ2j
2

)[
F (xi − xj ; ej)−

∫ xj

xj−1
F (xi − ζ; ej)dζ

xj − xj−1

]
,

4.3 Time Discretization

Take into account the system (4.2.14) that was first discretized in time using a uniform grid tn = nk,

n = 0, 1, 2, . . . , N with a uniform temporal mesh length k. u(x, tn, ej) is abbreviated as ujn. In order to

discretize PIDE across time, we will now quickly look at two different IMEX methods (4.2.14).

4.3.0.1 IMEX-BDF2 method

3ujn+1 − 4ujn + ujn−1

2k
= Dujn+1 + λjI(2ujn − ujn−1) + E(2ujn − ujn−1), n ≥ 1, (4.3.1)

ujn+1(xL) =
1

(dj − rj)T
(e−rjt − e−djt), ujn+1(xR) = 0. (4.3.2)
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4.3.0.2 IMEX-CNLF method

ujn+1 − ujn−1

2k
= D(

ujn+1 + ujn−1

2
) + λjI(ujn) + E(ujn), n ≥ 1, (4.3.3)

ujn+1(xL) =
1

(dj − rj)T
(e−rjt − e−djt), ujn+1(xR) = 0, (4.3.4)

where,

I(ujn) = exp

(
µj +

ϱ2j
2

)
M∑
l=1

ujl−1,n

[
F (xi − xl−1; ej)−

∫ xl

xl−1
F (xi − ζ; ej)dζ

xl − xl−1

]

− exp

(
µj +

ϱ2j
2

)
M∑
l=1

ujl,n

[
F (xi − xl; ej)−

∫ xl

xl−1
F (xi − ζ; ej)dζ

xl − xl−1

]
(4.3.5)

Two values, one for the zeroth time level and one for the first time level, are required by the suggested

techniques. At the zeroth time level, the initial condition of the model problem gives the value uj0, and

as per [80], the BDF1 may be used to calculate the value uj1. Assume that ujn is the solution to equation

(4.3.1) and ũjn is the solution to the perturbed equation (4.3.6).

3ũjn+1 − 4ũjn + ũjn−1

2k
= Dũjn+1 + λjI(2ũjn − ũjn−1) + E(2ũjn − ũjn−1) + T j

n+1, n ≥ 1 (4.3.6)

along with boundary condition

ũjn+1(xL) =
1

(dj − rj)T
(e−rjt − e−djt), ũjn+1(xR) = 0. (4.3.7)

As time goes on, we will examine how these perturbations affect the inaccuracy; the T j
n stands for the

perturbation in the data at any temporal level tn in the jth economic state. We will show that the

beginning errors at the beginning time levels (t0 & t1; for all methods discussed) limit the error at each

time level and are a finite multiple of the perturbations that have been provided, thereby validating the

stability of the discretization process across time.

Let ϵjn := ũjn − ujn be the definition of the error term. In the perturbed equations (4.3.6− 4.3.7) and

the equations (4.3.1 − 4.3.2), we are specifically dealing with boundary conditions. As a result, at the

boundary locations, the error ϵjn will be zero. For different methods, we may get the perturbation equation

in a comparable way.

4.3.1 Stability Analysis

Theorem 4.3.1 (IMEX-BDF2). Assuming that k < 1
2(2αj+1+2|qj,j |+λjCI)

, the scheme exhibits stability in

the following manner:

∥ϵjm∥2 ≤ C

(
max

i=1,2,··· ,Q
∥ϵi0∥2 + max

i=1,2,··· ,Q
∥ϵi1∥2 + max

2≤n≤m
∥T j

n ∥2
)
, ∀ 2 ≤ m ≤ T

N
, (4.3.8)

where C is a constant contingent upon parameters CI , rj, σj, λj, and T .
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Proof. Upon examining equations (4.3.1) and (4.3.6), we obtain,

3ϵjn+1 − 4ϵjn + ϵjn−1

2k
= Dϵjn+1 + λjI(2ϵjn − ϵjn−1) + E(2ϵjn − ϵjn−1) + T j

n+1 (4.3.9)

ϵjn+1(xL) = 0, ϵjn+1(xR) = 0 (4.3.10)

Obtaining the inner product of both sides of the equation (4.3.9) with 4∆tejn+1(
3ϵjn+1 − 4ϵjn + ϵjn−1

2k
, 4kϵjn+1

)
=

(
Dϵjn+1, 4kϵ

j
n+1

)
+
(
λjI(2ϵjn − ϵjn−1), 4kϵ

j
n+1

)
+
(
E(2ϵjn − ϵjn−1), 4kϵ

j
n+1

)
+
(
T j
n+1, 4kϵ

j
n+1

)
(4.3.11)

Using the identity 2 (3a1 − 4a2 + a3, a1) = a21 + (2a1 − a2)
2 − a22 − (2a2 − a3)

2 + (a1 − 2a2 + a3)
2 in the

left hand side, we get

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ 4k(Dϵjn+1, ϵ
j
n+1) + 4kλj(I(2ϵjn − ϵjn−1), ϵ

j
n+1)

+
(
E(2ϵjn − ϵjn−1), 4kϵ

j
n+1

)
+ 4k(T j

n+1, ϵ
j
n+1). (4.3.12)

First term in right hand side of (4.3.12) can be approximate as:(
Dϵjn+1, ϵ

j
n+1

)
=

1

2
(σ̄j)

2((ϵjxx)n+1, ϵ
j
n+1) + cj1((ϵ

j
x)n+1, ϵ

j
n+1)− cj2(ϵ

j
n+1, ϵ

j
n+1)

= −1

2
(σ̄j)

2∥(ϵjxx)n+1∥2 + cj1((ϵ
j
x)n+1, ϵ

j
n+1)− cj2∥ϵ

j
n+1∥2

= − (σ̄j)
2

2

(
∥(ϵjx)n+1 −

cj1
(σ̄j)2

ϵjn+1∥2
)

+
(cj1)

2 − 2(cj2)(σ̄j)
2

2(σ̄j)2
∥ϵjn+1∥2

≤ (cj1)
2 − (2cj2(σ̄j)

2)

2(σ̄j)2
∥ϵjn+1∥2

≤ αj∥ϵjn+1∥2, (4.3.13)

where αj =
(cj1)

2−(2cj2(σ̄j)
2)

2(σ̄j)2
.

The integral operator I(uj) defined in (4.2.21) is as follow:

I(uj) =
∫ 0

−X

ex−ζu(ζ, tn; ej)f(x− ζ; ej)dζ, x ∈ [−X, 0]. (4.3.14)

For the integral operator uj(·, t) ∈ L2([−X, 0]), t ∈ (0, T ) such that

uj(x, t) =

 uj(x, t) : (x, t) ∈ [−X, 0]× [0, T ],

0 : (x, t) ∈ [−X, 0]c × [0, T ],
(4.3.15)

then it can be easily bounded as: ∥Iuj(·, t)∥ ≤ CInt∥uj(·, t)∥, where CInt is a constant that is independent

of t and ∥uj∥ :=
(∫

[−X,0]
|uj(x)|2dx

) 1
2

.
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In the analysis, we will frequently employ Young’s inequality for all a, b ∈ R with ϵ∗ (true for every

ϵ∗ > 0), that is,

(a, b) ≤ ϵ∗a2 +
1

4ϵ∗
b2. (4.3.16)

Using the above results, we bound the integral term in right hand side of (4.3.12) as:

(λjI(2ϵjn − ϵjn−1), 4kϵ
j
n+1) = 8kλj(I(ϵjn), ϵ

j
n+1)− 4kλj(I(ϵjn−1), ϵ

j
n+1)

≤ 4kλjCInt(∥ϵjn∥2 + ∥ϵjn+1∥2) + 2kλjCInt(∥ϵjn−1∥2 + ∥ϵjn+1∥2)

≤ 6kλjCInt∥ϵjn+1∥2 + 4kλjCInt∥ϵjn∥2

+2kλjCInt∥ϵjn−1∥2 (4.3.17)

We can bound the RS term (4.2.17) by the inequality∣∣∣∣∣∣
Q∑

i=1,i̸=j

uinqi,j

∣∣∣∣∣∣ ≤
Q∑

i=1,i̸=j

max
i=1,2,...,Q

|uin||qi,j |. (4.3.18)

Let uinn := max
i=1,2,...,Q

|uin|. Then ∣∣∣∣∣∣uinn
Q∑

i=1,i̸=j

|qi,j |

∣∣∣∣∣∣ = |qj,j ||uinn |. (4.3.19)

then we get the(
E(2ϵjn − ϵjn−1), 4kϵ

j
n+1

)
≤ 6k|qj,j |∥ϵjn+1∥2 + 4k|qj,j |∥ϵinn ∥2 + 2k|qj,j |∥ϵin−1

n−1 ∥2 (4.3.20)

Combining the inequalities (4.3.12), (4.3.13), (4.3.17), (4.3.20), we have

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ 4kαj∥ϵjn+1∥2 + 6kλjCInt∥ϵjn+1∥2 + 4kλjCInt∥ϵjn∥2

+2kλjCInt∥ϵjn−1∥2 + 6k|qj,j |∥ϵjn+1∥2 + 4k|qj,j |∥ϵinn ∥2

+2k|qj,j |∥ϵin−1

n−1 ∥2 + 2k∥ϵjn+1∥2 + 2k∥T j
n+1∥2.

∥ϵjn+1∥2 − ∥ϵjn∥2 + ∥2ϵjn+1 − ϵjn∥2 − ∥2ϵjn − ϵjn−1∥2

≤ 2k
(
2αj + 3|qj,j |+ 3λjCInt + 1

)
∥ϵkn+1∥2 + 4kλjCInt∥ϵjn∥2

+4k|qj,j |∥ϵinn ∥2 + 2k|qj,j |∥ϵin−1

n−1 ∥2

+4kλjCInt∥ϵjn−1∥2 + 2k∥T j
n+1∥2. (4.3.21)

By aggregating the aforementioned inequality (4.3.21) from n = 1 to n = m− 1 for 1 ≤ m ≤ N , we obtain

the following:

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2
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≤ 4kλjCInt∥ϵj0∥2 + 4kλjCInt∥ϵj1∥2 + 2k
(
2αj + 3|qj,j |+ 5λjCInt + 1

)m−1∑
n=2

∥ϵjn∥2

+

m−1∑
n=1

4k|qj,j |∥ϵinn ∥2 +
m−1∑
n=1

2k|qj,j |∥ϵin−1

n−1 ∥2 + 2k

m∑
n=2

∥T j
n ∥2

+2k
(
2αj + 3|qj,j |+ 3λjCInt + 1

)
∥ϵjm∥2. (4.3.22)

Case 1. If ϵinn := max
i=1,2,··· ,Q

|ϵin| = ϵjn, for 1 ≤ n ≤ m, then

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2

≤ k(4λjCInt + 2|qj,j |)∥ϵj0∥2 + k(4λjCInt + 4|qj,j |)∥ϵj1∥2

+2k
(
2αj + 6|qj,j |+ 5λjCInt + 1

)m−1∑
n=2

∥ϵjn∥2

+2k

m∑
n=2

∥T j
n ∥2 + 2k

(
2αj + 3|qj,j |+ 3λjCInt + 1

)
∥ϵjm∥2. (4.3.23)

Assume that k is sufficiently small such that
(
1− 2k

(
2αj + 3|qj,j |+ 3λjCInt + 1

))
> 0 or k < 1

2(2αj+3|qj,j |+3λjCInt+1) ,

then above inequality implies,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + k

m∑
n=2

∥T j
n ∥2)

≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 +mk max
2≤n≤m

∥T j
n ∥2). (4.3.24)

As we know mk ≤ T , then we obtain

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + k

m−1∑
n=2

∥ϵjn∥2 + max
2≤n≤m

∥T j
n ∥2). (4.3.25)

where C is a generic constant that is invariant regardless of the grid’s extent. The implementation of

the discrete Gronwall’s inequality yields the conclusion,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + max
2≤n≤m

∥T j
n ∥2). (4.3.26)

Case 2. If ϵinn := max
i=1,2,··· ,Q

|ϵin| ̸= ϵjn then |ϵj0| < |ϵi0|, |ϵ
j
1| < |ϵi1| and let us consider ϵin = max{ϵi11 , ϵ

i2
2 , ϵ

i3
3 , ..., ϵ

in
n }.

Then we obtain

∥ϵjm∥2 − ∥ϵj1∥2 − ∥2ϵj1 − ϵj0∥2

≤ 4kλjCInt∥ϵj0∥2 + 4kλjCInt∥ϵj1∥2 + 2k
(
2αj + 3|qj,j |+ 5λjCInt + 1

)m−1∑
n=2

∥ϵjn∥2

+

m−1∑
n=1

4k|qj,j |∥ϵin∥2 +
m−1∑
n=1

2k|qj,j |∥ϵin−1∥2 + 2k

m∑
n=2

∥T j
n ∥2

+2k
(
2αj + 3|qj,j |+ 3λjCInt + 1

)
∥ϵjm∥2. (4.3.27)
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Assume that the k is sufficiently small such that
(
1− 2k

(
2αj + 3|qj,j |+ 3λjCInt + 1

))
> 0 or k <

1
2(2αj+3|qj,j |+3λjCInt+1) , then above inequality implies,

∥ϵjm∥2 ≤ C(∥ϵj0∥2 + ∥ϵj1∥2 + ∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + 2

m∑
n=2

∥T j
n ∥2).

≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 +mk max
2≤n≤m

∥T j
n ∥2). (4.3.28)

Since ej ∈ H, we may formulate the inequality as follows: for each 1 ≤ j ≤ Q, the left-hand component is

satisfied,

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + k

m−1∑
n=2

∥ϵin∥2 + max
2≤n≤m

∥T j
n ∥2). (4.3.29)

Now, the discrete Gronwall’s inequality is employed, as detailed in Lemma 3.1 of [68], which yields the

following result:

∥ϵim∥2 ≤ C(∥ϵi0∥2 + ∥ϵi1∥2 + max
2≤n≤m

∥T j
n ∥2). (4.3.30)

From equations (4.3.26) and (4.3.30), we derived the result (4.3.8), which completes the proof of Theorem

4.3.1.

Note: A similar strategy used to prove Theorem (4.3.1) can also be used to prove stability for the IMEX-

CNLF scheme.

4.4 Spatial Discretization

Let X := {x1,x2, . . . ,xi, . . . ,xM} denote a collection of arbitrary points inside the spatial domain Ω ⊂ Rd.

Let the function ϕ : Ω×Ω → R be a kernel defined by ϕ(x,y) = ϕ(∥x− y∥) for x,y ∈ Ω is called a radial

basis functions. The RBF interpolation for a continuous function u : Ω → R, defined at the points in X,

is expressed as

Iu(x) =

M∑
j=1

ℓjϕ(∥x− xj∥) (4.4.1)

The interpolation coefficients {ℓj}Mj=1 are ascertained by positioning Iu(x) to fulfill the condition Iu(xi) =

u(xi) for i = 1, 2, . . . ,M. The result is a set of linear equations that are symmetrical.


ϕ(∥x1 − x1∥) ϕ(∥x1 − x2∥) · · · ϕ(∥x1 − xM∥)

ϕ(∥x2 − x1∥) ϕ(∥x2 − x2∥) · · · ϕ(∥x2 − xM∥)
...

...
. . .

...

ϕ(∥xM − x1∥) ϕ(∥xM − x2∥) · · · ϕ(∥xM − xM∥)


︸ ︷︷ ︸

A


ℓ1

ℓ2
...

ℓM


︸ ︷︷ ︸

ℓ

=


u1

u2
...

uM


︸ ︷︷ ︸

u

(4.4.2)
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The resultant coefficient matrix A is guaranteed to be invertible if the points in X are distinct and ϕ is

a positive-definite radial kernel or a conditionally positive-definite kernel of order one on Rd. Assume L

be a linear differential operator and that u : Ω → R be a differentiable function. We want to estimate

L u at scattered grids X utilizing local approximations based on finite-difference methodologies. Let ΩM

represent any subset of X, defined as ΩM := {x1,x2, . . . ,xi, . . . ,xmi}, containing mi << M nodes that

are closest points to xi, as determined by Euclidean distance in Rd. We denote ΩM as the grid associated

with xi. This is the way the values of u over the stencil ΩM are linearly combined to approximate L u at

xi:

L (u(xi)) ≈
mi∑
j=1

ωju(xj) (4.4.3)

where weights {ω}mi
j=1 may be calculated using radial basis functions, a method referred to as RBF-FD.

We may express (4.4.3) as L (u(xi)) ≈ wui. Therefore, to compute RBF-FD weights, we first construct a

local interpolant, resulting in

Iu(x) =

mi∑
j=1

ℓjϕ(∥x− xj∥). (4.4.4)

The matrix-vector representation is given by Aiℓ = ui, where Ai and ui denote the local distance matrix

and the known data associated with the stencil of xi, respectively. The unknown coefficients ℓj are

ascertained via the equation ℓ = A−1
i ui. Next, we take both sides of (4.4.4) and apply the differentiation

operator L to them, resulting in

L (Iu(x)) =

mi∑
j=1

ℓjL (ϕ(∥x− xj∥)) (4.4.5)

By collocating (4.4.5) at xi and expressing it in matrix-vector form, we get

L (u(xi)) = L ϕ̂(xi)ℓ = L ϕ̂(xi)A
−1
i ui (4.4.6)

where L ϕ̂(xi) = [L ϕ(∥xi − x1∥),L ϕ(∥xi − x2∥), . . . ,L ϕ(∥xi − xmi
∥)]. With the comparison of (4.4.3)

and (4.4.6), we get w = L ϕ̂(xi)A
−1
i .

The number of operations required to derive the differentiation matrix using the global RBF approach is

O(M3), and the resulting matrix is dense. Conversely, the RBF-FD method necessitates O(m3
i ) operations

for each stencil, with M stencils in total, leading to a cumulative computational cost of O(m3
iM), excluding

the expense of establishing the stencil grids. Given that mi << N and mi remains constant as M rises,

the overall cost will be O(M).

Computing the interpolation weights calls for inverting each stencil’s local distance matrix of size mi×mi.

The local distance matrix stays the same across all stencils as this matrix depends only on the pairwise

distances between grid points and this work employs uniform grids. Hence its inverse has to be calculated

just once, therefore greatly lowering the total processing expense. Because each stencil’s differentiation
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matrix calculation is standalone, the RBF-FD methodology may be optimized for high-dimensional issues

and adaptive algorithms using parallel approaches.

4.4.1 RBF-FD

For numerical analysis, a bounded domain is necessary; thus, we substitute the domain {(x, t) : x ∈ R, t ∈

(0, T ]} with the domain [xL, xR]×(0, T ], where the values xL and xR will be selected based on conventional

financial reasoning, ensuring that the error resulting from reducing the solution domain is minimal. Now

assume Ω := {x1,x2, . . . ,xi, . . . ,xm} ⊂ [xL, xR] such that xL = x1 < x2 < · · · < xm = xR, and for

each xi, we define the influence domain Ωmi
:= {x1,x2, . . . ,xi, . . . ,xmi

} ⊂ Ω, which represents a local

area comprising the mi closest interpolation points to the center node xi. The local radial basis function

interpolant for every state is then constructed as follows:

uk(x, t) ≈ ûk(x) =

mi∑
j=1

ℓjϕ(∥x− xj∥), (4.4.7)

where {ℓj}mi
j=1 are unknowns found by enforcing the interpolation requirements and resolving a system

of linear equations. ϕ̂iℓi = ûik, where ϕ̂i = [ϕ(∥xi − xj∥)], 1 ≤ i, j ≤ mi, ℓ
i = [ℓ1, ℓ2, . . . ℓN ], ûik =

[ûk(x1, t), ûk(x2, t), . . . , ûk(xmi
, t)], in light of the fact that ϕ̂i is invertible, therefore we’ve ℓi = (ϕ̂i)−1ûik.

We apply the differential operator (4.2.15) to the local interpolant (4.4.7) for each point xi ∈ Ωmi , thus

we obtain

Dûk(xi) =
mi∑
j=1

ℓjDϕ(∥xi − xj∥) = Ψi
kû

i
k (4.4.8)

where

Ψi
k = [Dϕ(∥xi − x1∥),Dϕ(∥xi − x2∥), . . . ,Dϕ(∥xi − xmi∥)](ϕ̂i)−1.

The local interpolants (4.4.7) and (4.4.8) are now substituted in (4.2.14), giving us

∂ûik
∂t

= Ψi
kû

i
k(x, t) + Iûk(x, t) + E ûk(x, t) (4.4.9)

where ûi = [û1(xi, t), û2(xi, t), . . . , ûmi
(xi, t)]

T .

The following global form is identical to the previous equation in local form.

∂ûk
∂t

= Ψkûk(x, t) + Iûk(x, t) + E ûk(x, t) (4.4.10)

where ∂ûk

∂t = [∂ûk(x1)
∂t , ∂ûk(x2)

∂t , . . . , ∂ûk(xm−1)
∂t ]T , ûk = [ûk(x1), ûk(x2), . . . , ûk(xm−1)]

T and Ψk is the process

of mapping Ψi
k from local to global by placing zeros in the proper locations. The system of equations

(4.4.10) may be rewritten as
∂û

∂t
= AI û (4.4.11)

where AI = blkdiag(Ψ1,Ψ2, . . . ,Ψd) + I ⊗ I + E ⊗ I, û = [û1, û2, . . . , ûd].
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Likewise, we may choose an influence domain Ωmi for every boundary point xi ∈ Ω, and use B as a

boundary operator, so we obtain

Bûk(xi) =

N∑
j=1

ℓjBϕ(∥xi − xj∥) = γij û
i
k (4.4.12)

where

γik = [Bϕ(∥xi − x1∥),Bϕ(∥xi − x2∥), . . . ,Bϕ(∥xi − xM∥)](ϕ̂i)−1. (4.4.13)

The operator B is the identity operator because we take into account the Dirichlet boundary condition in

this study. We may extend the local system to the global form in a manner similar to that which we have

done for interior points.

γkûk = Gk, (4.4.14)

where Gk is associated with the Dirichlet boundary condition, and γk is the extension of γik, analogous to

the mapping of Ψi
k to Ψk.

For every block of AI that corresponds to each regime, we insert two rows pertaining to boundary grids

produced in (4.4.14) in order to apply a system of boundary conditions (4.4.14) to (4.4.11). The following

semi-discrete system of equations is finally concluded.

∂û

∂t
= Aû, (4.4.15)

where the discretization matrix for the interior and boundary points is A.

4.5 Numerical Results

In this part, we carry out a series of computational experiments to prove that the numerical methods

suggested for determining the Asian option’s worth in the context of the Merton regime-switching jump-

diffusion model are accurate and efficient. To approximate the spatial operator, we employed thin plate

spline radial basis functions of the type r̃4 ln r̃, augmented with a second-degree polynomial space
∏

2 :=

{1, x, x2}. An evenly spaced grid with mi = 3 nearby nodes was employed for all computing situations.

Given the Merton RSJD models, we discuss several numerical examples and analyze the convergence

behavior of the proposed approaches for pricing Asian options. We conduct a numerical simulation in two

and three economic states to study the pricing of the European style Asian put option under the regime-

switching Merton principle. We prove the associated numerical method’s option value and pointwise errors

using M spatial and N temporal discretization points. For each j in the set Q, we may find the rate of

convergence in space using the experimental formula below, as demonstrated in reference [93], as there is

no analytical solution for the PIDE system (4.2.14).

Convergence Order in Space =
log M1|uk(M1,N)−ũk(M2,N)|

M2|uk(M2,N)−ũk(M3,N)|

log M3

M2

, (4.5.1)
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Convergence Order in Time =
log N1|uk(M,N1)−uk(M,N2)|

N2|uk(M,N2)−uk(M,N3)|

log N3

N2

, (4.5.2)

where uk(M,N) is the numerical solution to the scheme at time t = T using N temporal meshes, and M

spatial meshes, and ũk(M,N) is the numerical solution obtained by interpolating the cubic spline on the

prior neighboring spatial mesh. Furthermore, the temporal direction computational formula is explained

as in [93]. On a PC with an Intel(R) Core(TM) i5-10500 CPU at 3.10GHz, 3096 MHz, 6 Core(s), 12

Logical Processor(s), and 16.00GB RAM, we used MATLAB R2022b for computation.

Example 4.5.1. Consider the function f given in (4.2.2), with j = 1, 2 and model parameters given

as [ϱ1, ϱ2] = [0.3, 0.3]′, [µ1, µ2]
′ = [−0.1,−0.1]′ and Z = 1.5, X = 3, T = 1, [r1, r2]

′ = [0.05, 0.05]′,

[σ1, σ2]
′ = [0.15, 0.25]′, [d1, d2]

′ = [0, 0]′, [λ1, λ2]
′ = [1, 2]′ and A =

 −1 1

1 −1

.
First, we consider a two state RSJD model and demonstrate the convergence order of the RBF based

BDF2 and CNLF schemes. For a fixed spatial point M the calculated convergence rate of the BDF2

scheme and the error that can occur at different temporal points are shown in Table 4.1. Similarly, Table

4.2 displays the temporal convergence rate and the errors for CNLF method. It is evident from Tables 4.1

and 4.2 that in the temporal direction, both the proposed methods have second order convergence rates.

With the same parameters, the scheme in [25] has accuracy of order two, but the present methods have

less errors at same temporal points. Thus, with the help of this example, we can observe that our scheme

is better than the existing scheme in terms of accuracy.

Table 4.1: Errors and temporal convergence rate of the RBF-BDF2 method at different values of N ,
with a fixed M = 400 using the parameters from the Example 4.5.1

State 1 State 2
N Error Order Error Order
400 7.724966e-07 ... 2.374531e-07 ...
450 5.282385e-07 2.0932 1.627789e-07 2.0719
500 3.770642e-07 2.0818 1.164239e-07 2.0631
550 2.785163e-07 2.0730 8.613334e-08 2.0562
600 2.115398e-07 2.0658 6.550645e-08 2.0507
650 1.644349e-07 2.0599 5.097577e-08 2.0462
700 1.303436e-07 2.0550 4.044493e-08 2.0425
750 1.050637e-07 2.0509 3.262674e-08 2.0393
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Table 4.2: Errors and the temporal convergence rate of the RBF-CNLF method at different values
of N , with a fixed M = 400 using the parameters from the Example 4.5.1

State 1 State 2
N Error Order Error Order
400 3.851254e-07 ... 1.412960e-07 ...
450 2.639214e-07 2.0748 9.686138e-08 2.0719
500 1.887215e-07 2.0652 6.927902e-08 2.0629
550 1.396002e-07 2.0577 5.125575e-08 2.0559
600 1.061589e-07 2.0518 3.898256e-08 2.0503
650 8.260554e-08 2.0470 3.033661e-08 2.0457
700 6.553805e-08 2.0430 2.407056e-08 2.0419
750 5.286828e-08 2.0396 1.941850e-08 2.0386

Furthermore, we showed the spatial convergence order and the error of the RBF-BDF2 and RBF-CNLF

schemes that can occur at different points in spatial direction and for the fixed temporal points N . The

computed convergence rate of the RBF-BDF2 scheme and the error that can occur at different spatial

points are shown in Table 4.3. Similarly, Table 4.4 displays the spatial convergence rate and the errors for

RBF-CNLF method.

Table 4.3: Errors and the spatial convergence rate of the RBF-BDF2 method at various values of
M , with a fixed N = 400 using the parameters from the Example 4.5.1

State 1 State 2
N Error Order Error Order
200 2.942470e-03 ... 2.159703e-03 ...
250 1.404918e-03 2.0237 1.001362e-03 2.1552
300 7.767834e-04 2.0262 5.405856e-04 2.1572
350 4.734153e-04 2.0296 3.225397e-04 2.1673
400 3.092905e-04 2.0335 2.065821e-04 2.1820
450 2.128804e-04 2.0378 1.394996e-04 2.1998
500 1.525923e-04 2.0422 9.813945e-05 2.2199
550 1.129916e-04 2.0469 7.133282e-05 2.2418

Example 4.5.2. Let’s consider the function f given in (4.2.2) with j = 1, 2 and 3. Now, consider-

ing the model parameters as given in example 3.2 of [25], [ϱ1, ϱ2, ϱ3] = [0.3, 0.25, 0.35]′, [µ1, µ2, µ3]
′ =
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Table 4.4: Errors and the spatial convergence rate of the RBF-CNLF method at different values of
M , with a fixed N = 400 using the parameters from the Example 4.5.1

State 1 State 2
N Error Order Error Order
200 2.941493e-03 ... 2.161904e-03 ...
250 1.404485e-03 2.0236 1.001913e-03 2.1573
300 7.765669e-04 2.0260 5.407565e-04 2.1585
350 4.732961e-04 2.0294 3.226003e-04 2.1682
400 3.092200e-04 2.0333 2.066055e-04 2.1826
450 2.128364e-04 2.0376 1.395092e-04 2.2002
500 1.525636e-04 2.0421 9.814349e-05 2.2201
550 1.129722e-04 2.0467 7.133461e-05 2.2420

[−0.1,−0.15,−0.05]′, [σ1, σ2, σ3]
′ = [0.2, 0.3, 0.25]′, Z = 1.5, X = 3, T = 1, [r1, r2, r3]

′ = [0.05, 0.05, 0.05]′,

[d1, d2, d3]
′ = [0, 0, 0]′, [λ1, λ2, λ3]

′ = [1, 5, 2]′, and

A =


−2/3 1/3 1/3

1/3 −2/3 1/3

1/3 1/3 −2/3

 .
Next, we consider a three state RSJD model and display the convergence rate of the RBF based BDF2

and CNLF schemes. For a fixed spatial point M the calculated convergence rate of the BDF2 scheme and

the error that can occur at different temporal points are shown in Table 4.5. Similarly, Table 4.6 displays

the temporal convergence rate and the errors for CNLF method. It is evident from Tables 4.5 and 4.6

that in the temporal direction, both the proposed methods have second order convergence rates. With the

same parameters, the scheme in [25] has accuracy of order two, but the present methods have less errors

at same temporal points. Thus, with the help of this example, we can observe that our scheme is better

than the existing scheme in terms of accuracy.

Moreover, under the three states RSJD model, we showed the spatial convergence rate and the error of the

RBF-BDF2 and RBF-CNLF schemes that can occur at different spatial points and for the fixed temporal

points N . The computed convergence rate of the RBF-BDF2 scheme and the error that can occur at

different spatial points are shown in Table 4.7. Similarly, Table 4.8 displays the spatial convergence rate

and the errors for RBF-CNLF method.

Example 4.5.3. We consider the function f given in (4.2.2) with j = 1, 2 and 3 with model parameters

[ϱ1, ϱ2, ϱ3] = [0.3, 0.25, 0.35]′, [µ1, µ2, µ3]
′ = [−0.1,−0.15,−0.05]′, [σ1, σ2, σ3]

′ = [0.2, 0.3, 0.25]′, Z = 1.5,
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Table 4.5: Errors and temporal convergence rate of the RBF-BDF2 method using the parameters
from the Example 4.5.2 for different values of N , with a fixed M = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
400 5.185740e-07 ... 1.117038e-07 ... 1.680320e-07 ...
450 3.548664e-07 2.0869 7.653265e-08 2.0767 1.151737e-07 2.0731
500 2.534596e-07 2.0762 5.471196e-08 2.0676 8.236642e-08 2.0641
550 1.873079e-07 2.0678 4.046013e-08 2.0606 6.093134e-08 2.0571
600 1.423228e-07 2.0611 3.075913e-08 2.0551 4.633628e-08 2.0515
650 1.106690e-07 2.0556 2.392774e-08 2.0506 3.605566e-08 2.0470
700 8.775058e-08 2.0511 1.897845e-08 2.0468 2.860554e-08 2.0432
750 7.074956e-08 2.0472 1.530515e-08 2.0437 2.307486e-08 2.0400

Table 4.6: Errors and the temporal convergence rate of the RBF-CNLF method using the parameters
from the Example 4.5.2 for different values of N , with a fixed M = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
400 1.577304e-07 ... 7.246324e-08 ... 1.118337e-07 ...
450 1.080807e-07 2.0756 4.967937e-08 2.0712 7.666537e-08 2.0718
500 7.728020e-08 2.0658 3.553476e-08 2.0623 5.483455e-08 2.0628
550 5.716283e-08 2.0582 2.629138e-08 2.0554 4.056935e-08 2.0558
600 4.346802e-08 2.0522 1.999657e-08 2.0499 3.085517e-08 2.0502
650 3.382296e-08 2.0473 1.556192e-08 2.0454 2.401189e-08 2.0457
700 2.683413e-08 2.0432 1.234784e-08 2.0416 1.905227e-08 2.0418
750 2.164624e-08 2.0398 9.961567e-09 2.0384 1.537012e-08 2.0386

X = 3, T = 1, [r1, r2, r3]
′ = [0.05, 0.05, 0.05]′, [d1, d2, d3]

′ = [0.02, 0.03, 0.04]′, [λ1, λ2, λ3]
′ = [3, 15, 6]′ and

A =


−2/3 1/3 1/3

1/3 −2/3 1/3

1/3 1/3 −2/3

 .
Subsequently, we examine an additional test case of the three-state RSJD model and demonstrate the

convergence rate of the RBF based BDF2 and CNLF schemes. Table 4.9 displays the calculated conver-

gence rate of the BDF2 scheme and the error that may occur at various temporal moments for a fixed

spatial point M . In the same vein, Table 4.10 illustrates the temporal convergence rate and the errors

associated with the CNLF method. It is clear from Tables 4.9 and 4.10 that both proposed methods have

second-order convergence rates in the temporal direction. The present methods exhibit fewer errors at the
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Table 4.7: Errors and the spatial convergence rate of the RBF-BDF2 method using the parameters
from the Example 4.5.2 for different values of M , with a fixed N = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
200 1.682243e-03 ... 3.763072e-03 ... 2.049840e-03 ...
250 7.797641e-04 2.1565 1.732107e-03 2.1878 9.579519e-04 2.1198
300 4.208497e-04 2.1586 9.288160e-04 2.1941 5.214111e-04 2.1122
350 2.510418e-04 2.1688 5.505244e-04 2.2102 3.137430e-04 2.1124
400 1.607541e-04 2.1837 3.502498e-04 2.2322 2.027069e-04 2.1168
450 1.085308e-04 2.2015 2.348932e-04 2.2582 1.381171e-04 2.1236
500 7.633709e-05 2.2218 1.640763e-04 2.2875 9.807004e-05 2.1320
550 5.547458e-05 2.2439 1.183774e-04 2.3197 7.196592e-05 2.1417

Table 4.8: Errors and the spatial convergence rate of the RBF-CNLF method using the parameters
from the Example 4.5.2 for different values of M , with a fixed N = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
200 1.681444e-03 ... 3.768254e-03 ... 2.052900e-03 ...
250 7.794416e-04 2.1562 1.733407e-03 2.1907 9.587566e-04 2.1228
300 4.207007e-04 2.1583 9.292230e-04 2.1958 5.216769e-04 2.1140
350 2.509661e-04 2.1685 5.506703e-04 2.2114 3.138445e-04 2.1137
400 1.607131e-04 2.1833 3.503067e-04 2.2330 2.027496e-04 2.1176
450 1.085074e-04 2.2012 2.349165e-04 2.2587 1.381363e-04 2.1242
500 7.632343e-05 2.2214 1.640859e-04 2.2879 9.807899e-05 2.1325
550 5.546647e-05 2.2436 1.183813e-04 2.3199 7.197020e-05 2.1420

same temporal locations despite the fact that the scheme in [25] has an accuracy of order two with the

same parameters. Consequently, this example demonstrates that our scheme is more accurate than the

existing scheme.

4.6 Conclusion

This chapter introduced an RBF-based implicit-explicit approach to solving partial integro-differential

equations for pricing the moving boundary Asian option where the underlying asset undergoes a RSJD

process. We used the IMEX-BDF2 and CNLF approaches for temporal discretization. Radial basis

function-based finite difference methods were used for spatial discretization to solve the ensuing linear dif-
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Table 4.9: Using the parameters from the Example 4.5.3, errors and temporal convergence rate of
the RBF-BDF2 method at different values of N , with a fixed M = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
400 1.070109e-07 ... 3.467521e-08 ... 7.323660e-08 ...
450 7.330050e-08 2.0786 2.360530e-08 2.1312 5.016635e-08 2.0785
500 5.239293e-08 2.0692 1.676895e-08 2.1275 3.585655e-08 2.0694
550 3.874089e-08 2.0618 1.232442e-08 2.1255 2.651214e-08 2.0623
600 2.944992e-08 2.0559 9.312636e-09 2.1250 2.015259e-08 2.0567
650 2.290823e-08 2.0511 7.201088e-09 2.1254 1.567488e-08 2.0521
700 1.816937e-08 2.0472 5.677939e-09 2.1266 1.243125e-08 2.0484
750 1.465256e-08 2.0438 4.552332e-09 2.1283 1.002414e-08 2.0452

Table 4.10: Using the parameters from the Example 4.5.3, errors and the temporal convergence rate
of the RBF-CNLF method at different values of N , with a fixed M = 400

State 1 State 2 State 3
N Error Order Error Order Error Order
400 8.837982e-08 ... 2.387763e-08 ... 5.427431e-08 ...
450 6.058995e-08 2.0714 1.637047e-08 2.0710 3.721042e-08 2.0710
500 4.333814e-08 2.0625 1.170972e-08 2.0622 2.661646e-08 2.0622
550 3.206452e-08 2.0556 8.663882e-09 2.0553 1.969320e-08 2.0553
600 2.438724e-08 2.0500 6.589600e-09 2.0498 1.497831e-08 2.0498
650 1.897873e-08 2.0455 5.128262e-09 2.0453 1.165666e-08 2.0453
700 1.505887e-08 2.0417 4.069121e-09 2.0415 9.249216e-09 2.0415
750 1.214861e-08 2.0385 3.282761e-09 2.0383 7.461800e-09 2.0383

ferential equations produced by the time-dependent semi-discrete optimization of the governing equation.

To approximate the integral term in PIDE, we used the composite trapezoidal rule. We showed the theo-

retical stability results for the proposed schemes. Our computational results show that both methods have

a second-order convergence rate in the temporal and spatial directions. The computational experiments

also reveal that the proposed methods exceed current literature methods in both accuracy and efficiency.
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5
RBF–BASED IMEX FINITE DIFFERENCE SCHEMES

FOR PRICING OPTION UNDER LIQUIDITY SWITCHING
1

This chapter aims to develop and analyze two accurate and efficient IMEX finite difference schemes for

time semi discretization based on radial basis functions for pricing European and American options under

liquidity shocks.

5.1 Introduction

Classical option pricing theory fails to accurately represent actual markets because it makes the fundamen-

tal assumption that markets are always liquid and that agents may trade anytime they want. Consequently,

great effort has given in developing better models as a solution to these assumptions. Jump-diffusion mod-

els [79], such as Merton model [96], Lévy dynamics (see, for example, [30]), and stochastic volatility models

are some examples of alternative models. Moreover, regime-switching is one of the rapidly emerging models

that has received a lot of interest in option pricing. There are several studies on regime switching, but

the fundamental concept was introduced by Hamilton [54] in econometric forecasting. Regime-switching

methodologies offer a direct approach to capturing stochastic volatility and, consequently, fat tails, circum-

venting the limitation of the standard lognormality assumption in the Black-Scholes model. The concept

of indifference pricing, which is connected to utility pricing, is something that [20] takes into consideration

when the market is incomplete. The price at which an investor would retain the same amount of optimum

utility, regardless of whether or not he has held options, is referred to as the indifference price. The non-

1The results discussed in this chapter have been published in it International Journal of Computer
Mathematics, 101(7), 768-788 (2024). https://doi.org/10.1080/00207160.2024.2383757.
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linear system (5.2.5) is satisfied by the buyer’s indifference prices p (for state 0) and q (for state 1). The

pricing and hedging problems associated with European options in a market vulnerable to liquidity shocks

are examined in the study [92]. The authors use a distinct Markovian liquidity component to create a

regime-switching description of market liquidity. The utility indifference method of valuing derivatives is

then explained. The primary findings are the development and examination of a semi-linear coupled HJB

equation that is satisfied by the indifference price. European options with liquidity shocks are modeled

as a coupled system, where one is a degenerate parabolic equation, and the other has no diffusion factor.

Koleva et al.[77] proposed a fourth-order compact scheme for a parabolic-ordinary system of liquidity

shocks model for European options pricing. In this direction, other research can be found in [12, 78]. We

present two RBF-based finite difference schemes that maintain the positivity of the differential problem

solution. We focus on the numerical solution of the associated PDE systems for the European option and

LCP system for the American style option, which is satisfied by the indifference prices of the writer and

the buyer. More specifically, we construct and analyse the RBF-based finite difference schemes to approx-

imate the parabolic-ordinary systems (5.3.3) and (5.3.4). Radial basis function mesh-free techniques are

often used for solving partial differential equations because they provide spectral convergence for smooth

solutions in complex geometry. RBF-FD does not achieve spectrum convergence. However, only RBF

applied to the whole domain can achieve spectral convergence, although it may have stability problems.

In this direction, Haghi et al.[52] presented an RBF-FD method for American options under the jump-

diffusion models, Li et al.[87] extended the idea to solve the system of partial differential equations arising

in options pricing under the regime-switching model. Bastani et al.[9] have developed a radial basis collo-

cation approach, Rad et al.[109] introduced interpolation method using radial basis points to determine the

price of European and American options. Using the local radial basis function as the basis, Kadalbajoo

et al.[67, 69, 70] examined the efficacy of the meshfree approach in handling one and high-dimensional

option pricing problems. Under jump-diffusion models, Shirzadi et al.[114, 115] developed the mesh-free

moving least-squares approximation and obtained the best uniform error limits for the pricing option. We

have provided the RBF-FD-based various IMEX techniques for pricing European and American options

under the local volatility jump-diffusion framework [135]. Recently, to solve high-dimensional PDEs for

multi-asset options using parabolic time-dependent models, [3] provide a hybrid RBF-FD solution that

combines Gaussian and multiquadric functions. Other mesh-free work for option pricing can be found in

[38, 100, 108, 116, 119, 136] and references therein.

A significant amount of research has been conducted in option pricing utilizing the RBF-FD approach;

however, in the direction of coupled equations for option pricing, this method has been used comparatively

less often. In the literature [24, 60, 111, 112], several approaches have been introduced to deal with the

discretized linear complementarity problem that arises in American option pricing.
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Gyulov et al.[51] used the interior penalty approach to price the American option to solve the com-

plementarity system in a liquidity-switching market. For pricing the American option, we consider the

operator splitting technique, described in [64]. The operator splitting approach has been effectively used

by several authors [22, 65, 83] to solve the LCPs for option pricing.

This work aims to present the RBF-FD-based BDF1 and BDF2 time semi-discretization methods

for pricing European and American options in a liquidity-switching framework and provide the stability

estimates for these schemes. The remaining part of this chapter is organized as follows. We begin by

defining the liquidity switching model, in addition to describing the basic abbreviations, symbols, and

premises that will be used throughout this work, as well as the formation of coupled PDEs and LCPs and

their associated features. In Section 5.3, we present the RBF-FD-based discretization techniques and give

the stability analysis of the proposed schemes. Section 5.4 presents the BDF1 and BDF2 operator splitting

time semi-discretization for the American option. In Section 5.5, numerical discussions are presented for

pricing the European and American options to validate the theoretical results.

5.2 Liquidity Switching Model

The conventional theory of option pricing is based on a fundamental assumption, which is that markets

are always liquid and that agents are free to trade anytime they want. On the other hand, this is not

often the case in actual financial markets [91]. Regarding the availability of liquidity within financial

markets or institutions, liquidity shocks are sudden changes or variations in the availability of liquidity.

The mathematical ideas behind the liquidity shocks that are explored in option pricing will be addressed

throughout this section. We discuss the market model in the context of possible liquidity shocks. Consider a

complete probability space (Ω,F ,P) is a model of the financial market where P (the real-world probability)

represents the physical measure. Also let Fτ for 0 ≤ τ ≤ T be the information set (filtration) available at

time τ . We take into consideration a financial market that is vulnerable to liquidity shocks and consists of

a stock and a risk-free asset (cash), as well as a limited investment time horizon T <∞, which is selected

to correspond with the expiry date of all securities in this model. To keep things simple, we use discounted

pricing procedures, which guarantee that the cash value is always one and the interest rate is always zero.

To represent total wealth, stock ownership as a percentage of total wealth, and the discounted stock price

at time τ ∈ [0, T ], we utilize (Xτ , πτ , Sτ ) defined on R × R × R+. This market is incomplete due to the

existence of liquidity shocks, which is a source of liquidity risk. A more thorough examination of the

liquidity switching model can be found in [92]. In addition, for a more precise explanation of a model

of a financial market, one may refer to Etheridge’s work (Financial Calculus) [47]. Ludkovski et al.[92]

take into account an investor whose utility is defined in an exponential utility function U(x) = −e−γx,

where γ > 0 represents the coefficient of risk aversion. The value functions U i(S,X, τ) for the optimum
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investment problem in the presence of a contingent claim serve as a foundation for the utility-based pricing

methodology,

U i(S,X, τ) = sup
πτ∈A

EP
S,X,τ,i[−e−γ(XT+hST )], i = 0, 1, (5.2.1)

where the state variables in the liquidity state at time τ ∈ [0, T ] are (Xτ , πτ , Sτ ). A is a collection of

acceptable trading strategies πτ , T is the expiry date of all assets, and EP stands for expectation taken

under measure P. Conventional techniques for stochastic control suggest the following: For a holder of a

bounded contingent claim paying out Φ(ST ) at terminal time T , the optimum value functions U i(S,X, τ)

are provided by

U i(S,X, τ) = e−γX−γRi(S,τ),

where the prices of the options in the two states are represented by Ri(S, τ), i = 0, 1, and γ is a risk aver-

sion measure. Consequently, the coupled semi-linear parabolic-ordinary system’s (5.2.2) unique viscosity

solution [92] is represented by the pair (R0, R1).

 R0
τ + 1

2σ
2S2R0

SS − ν01

γ e−γ(R1−R0) + (d0+ν01)
γ = 0,

R1
τ − ν10

γ e−γ(R0−R1) + ν10

γ = 0.
(5.2.2)

with the terminal conditions

Ri(S, T ) = Φ(S), i = 0, 1, (5.2.3)

where the underlying price S ≥ 0, time T ≥ τ ≥ 0, i.e., backward in time, σ > 0 represents the volatility of

the stock, ν01 is the transition rate from state 0 to 1, ν10 is the transition rate from state 1 to 0 (assumed

that the market has two states: liquid-0 and illiquid-1), d0 = µ
2σ2 , where µ is the drift. In the presence of

illiquidity shocks, the value function for the optimal investment is given by

V i(X, τ) = sup
πτ∈A

EP
X,τ,i[−e−γXT ] = −e−γXFi(τ), i = 0, 1, (5.2.4)

where F0(τ) and F1(τ) are the solutions of the ODE system F ′(τ) = (D −A)F (τ) with

D =

d0 0

0 0

 , A =

−ν01 ν01

ν10 −ν10

 , F (τ) ≡ [F0(τ), F1(τ)], F (T ) ≡ [1, 1].

Specifically, solutions can be written as

F0(τ) = c1e
λ1τ + c2e

λ2τ , F1(τ) =
1

ν01
{c1(d0 + ν01 − λ1)e

λ1τ + c1(d0 + ν01 − λ2)e
λ2τ},

where

c1 =
λ2 − d0
λ2 − λ1

e−λ1T , c2 =
λ1 − d0
λ1 − λ2

e−λ2T , λ1,2 =
d0 + ν01 + ν10 ±

√
(d0 + ν01 + ν10)2 − 4d0ν10

2
.
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The indifference prices p = R0 + lnF0(τ)
γ , q = R1 + lnF1(τ)

γ , will satisfy the parabolic-ordinary system pτ + 1
2σ

2S2pSS − ν01

γ e−γ(q−p) + (d0+ν01)
γ − 1

γ
F

′
0

F0
= 0,

qτ − ν10

γ e−γ(p−q) + ν10

γ − 1
γ

F
′
1

F1
= 0.

(5.2.5)

with the terminal conditions p(S, T ) = q(S, T ) = Φ(S). Although the problem (5.2.5) is degenerate and

backward in time, we could transform it into a non-degenerate and forward in-time problem by using the

transformations t = T − τ , u = γR0 and v = γR1, i.e.

ut =
1

2
σ2S2uSS − ae−(v−u) + b, vt = c− ce−(u−v), (5.2.6)

where a = ν01, b = d0 + ν01, c = ν10, γ = 1, and the initial conditions are u(S, 0) = v(S, 0) = γΦ(S).

Consider the solutions u(S, t) and v(S, t) of the following localised system of PDE (5.2.7) in the spatial

domain Ω = (SL, SR),

∂u

∂t
= Lu(S, t), ∂v

∂t
= L∗v(S, t), (5.2.7)

where, Lu(S, t) = 1
2σ

2S2uSS −ae−(v−u)+ b, L∗v(S, t) = c− ce−(u−v), and the initial condition, u(S, 0) =

v(S, 0) = max(S −K, 0). The boundary condition for a call option can be defined as:

u(SL, t) = v(SL, t) = 0, u(SR, t) = v(SR, t) = SR −K. (5.2.8)

The possibility of early exercise for the American option leads to the solution of a non-linear complemen-

tarity problem, 

∂u
∂t − Lu(S, t) ≥ 0, ∂v

∂t − L∗v(S, t) ≥ 0,

u(S, t)− Φ(S) ≥ 0, (∂u∂t − Lu(S, t)) (u(S, t)− Φ(S)) = 0,

v(S, t)− Φ(S) ≥ 0, (∂v∂t − L∗v(S, t)) (v(S, t)− Φ(S)) = 0,

u(S, 0) = Φ(S), v(S, 0) = Φ(S), (S, t) ∈ Ω× J

(5.2.9)

where J = (0, T ] and the boundary conditions are defined in (5.2.8).

5.3 Discretization

In this section, we will discuss the temporal and spatial discretization techniques for the coupled PDEs

(5.2.7) on the localised domain Ω.

5.3.1 Time Discretization

Let k = T/N be the uniform temporal size, and denote tn = nk, n = 0, 1, 2, . . . , N. At time level n, u is

abbreviated as un(S).

We briefly discuss the semi-discretizations in time for the coupled PDEs in (5.2.7).
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5.3.1.1 IMEX-BDF1 method

un+1 − un
k

=
1

2
σ2S2(uSS)n+1 − ae(un+1−vn+1) + b,

vn+1 − vn
k

= c− ce(vn+1−un+1),

un+1(SL) = vn+1(SL) = 0, un+1(SR) = vn+1(SR) = SR −K, n ≥ 0, (5.3.1)

Using Taylor expansions up to second-order of the non-linear implicit term yields,

eun+1−vn+1 = eun−vn(1 + vn − un) + eun−vn(un+1 − vn+1),

evn+1−un+1 = evn−un(1 + un − vn) + evn−un(vn+1 − un+1).
(5.3.2)

The linearized IMEX BDF1 scheme is given by,

un+1−un

k = 1
2σ

2S2(uSS)n+1 − a(eun−vn(1 + vn − un) + eun−vn(un+1 − vn+1)) + b,

vn+1−vn

k = c− c(evn−un(1 + un − vn) + evn−un(vn+1 − un+1)), n ≥ 0.
(5.3.3)

5.3.1.2 IMEX-BDF2 method

Similarly, we can derive the IMEX-BDF2 scheme as:

3un+1−4un+un−1

2k = 1
2σ

2S2(uSS)n+1 − a(eun−vn(1 + vn − un) + eun−vn(un+1 − vn+1)) + b,

3vn+1−4vn+vn−1

2k = c− c(evn−un(1 + un − vn) + evn−un(vn+1 − un+1)), n ≥ 1,
(5.3.4)

with the boundary conditions

un+1(SL) = vn+1(SL) = 0, un+1(SR) = vn+1(SR) = SR −K. (5.3.5)

The backward difference technique of order one is used to determine the value (u1, v1). We now demonstrate

the stability of time semi-discretization schemes. The Young’s inequality will be applied often, for all

a, b ∈ R with ϵ∗ (valid for every ϵ∗ > 0), i.e,

(a, b) ≤ ϵ∗a2 +
1

4ϵ∗
b2. (5.3.6)

Consider the solutions un, vn and ũn, ṽn to the equations (5.3.3) and the perturbed equations (5.3.7),

respectively.

ũn+1−ũn

k = 1
2σ

2S2(ũSS)n+1 − a(eũn−ṽn(1 + ṽn − ũn) + eũn−ṽn(ũn+1 − ṽn+1)) + b+ T u
n+1,

ṽn+1−ṽn

k = c− c(eṽn−ũn(1 + ũn − ṽn) + eṽn−ũn(ṽn+1 − ũn+1)) + T v
n+1, n ≥ 0,

(5.3.7)

combined with the conditions at the boundaries,

ũn+1(SL) = ṽn+1(SL) = 0, ũn+1(SR) = ṽn+1(SR) = SR −K, (5.3.8)

It is easy to check that for BDF1, truncation errors are as: T u
n+1, T v

n+1 ≤ Ck. We will examine the effects

of the T u
n , T v

n perturbations on the data at each subsequent time level tn as we move in time.
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Now that the error representation has a precise description, ϵun := ũn − un, ϵ
v
n := ṽn − vn. We define

that, the numerical solution ũ, ṽ have the maximum limits as:

C̃0 = max
∀t∈J

|ũn|, C̃1 = max
∀t∈J

|ṽn|, ∀S ∈ Ω, n = 0, 1, 2, · · ·N. (5.3.9)

The error equation for IMEX-BDF1 scheme is obtained by subtracting (5.3.7) from (5.3.3),

ϵun+1−ϵun
k = 1

2σ
2S2(ϵuSS)n+1 + aCue

ϵun−ϵvn(ϵun − ϵvn + ϵvn+1 − ϵun+1) + T u
n+1,

ϵvn+1−ϵvn
k = cCve

ϵvn−ϵun(ϵvn − ϵun + ϵun+1 − ϵvn+1) + T v
n+1, n ≥ 0,

(5.3.10)

combined with the conditions at the boundaries ϵun+1(SL) = ϵvn+1(SL) = 0, ϵun+1(SR) = ϵvn+1(SR) = 0,

where

Cu = max
0≤n≤N

eũn−ṽn , Cv = max
0≤n≤N

eṽn−ũn , ∀(S, t) ∈ Ω× J̄ .

Similarly, we can get the error equation for BDF2 scheme, where, T u
n+1, T v

n+1 ≤ Ck2. To demonstrate the

error estimate, we construct ν1, ν2, such that

ν1 = max
0≤t≤T

∥u(·, t)∥L2 + 1 ν2 = max
0≤t≤T

∥v(·, t)∥L2 + 1. (5.3.11)

Throughout the analysis, C denotes a generic constant that is unaffected by the time step size, k, but that

can vary depending on the data and the regularity of the analytical solution.

Lemma 5.3.1. Let the exact solution be sufficiently smooth (at least first-order differentiable in time and

second-order differentiable in spatial direction), and there is a constant C, then the following outcomes hold

for k < C:

∥un∥L2 ≤ ν1 ∥vn∥L2 ≤ ν2 n = 0, 1, 2, · · · , N =
T

k
. (5.3.12)

The proof of Lemma 5.3.1 is omitted, as it can be established by the same strategy that will be

employed later to prove Lemma 5.3.3.

Theorem 5.3.2 (BDF1). Suppose there is sufficient regularity with L2 norm for the exact solution (u, v)

of equation (5.2.7). Let (un+1, vn+1), be the numerical solution of the IMEX scheme (5.3.3), then for

k → 0, we have the following convergence results

∥u− un+1∥+ ∥v − vn+1∥ ≤ Ck.

Lemma 5.3.3. Let the exact solution be sufficiently smooth (at least second-order differentiable in time

and fourth-order differentiable in space), and there is a constant C, then the following outcomes hold for

k < C.

∥un∥L2 ≤ ν1 ∥vn∥L2 ≤ ν2 n = 0, 1, 2, · · · , N =
T

k
. (5.3.13)
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Proof. Consider the error equation for system (5.3.4), we get,

3ϵun+1 − 4ϵun + ϵun−1

2k
=

1

2
σ2S2(ϵuSS)n+1 + aCue

ϵun−ϵvn(ϵun − ϵvn + ϵvn+1 − ϵun+1) + T u
n+1, (5.3.14)

3ϵvn+1 − 4ϵvn + ϵvn−1

2k
= cCve

ϵvn−ϵun(ϵvn − ϵun + ϵun+1 − ϵvn+1) + T v
n+1, (5.3.15)

ϵun+1(SL) = ϵvn+1(SL) = 0, ϵun+1(SR) = ϵvn+1(SR) = 0. (5.3.16)

The aforementioned conclusion will be supported by mathematical induction. It is evident that ϵu0 ≤ 1

and ϵv0 ≤ 1. We assume that at time tn, the numerical error function has an L2 bound, ϵun ≤ 1 and ϵvn ≤ 1

such that e|ϵ
u
n−ϵvn| ≤ eCuv . We will then demonstrate ϵun+1 ≤ 1 and ϵvn+1 ≤ 1, remains valid.

Taking the inner product of both sides of the equation (5.3.14) with 4k(ϵun+1)(
3ϵun+1 − 4ϵun + Eu

n−1

2k
, 4k(ϵun+1)

)
=

1

2
σ2
(
S2(ϵuSS)n+1, 4kϵ

u
n+1

)
+aCue

Cuv
(
ϵun − ϵvn + ϵvn+1 − ϵun+1, 4kϵ

u
n+1

)
+
(
T u
n+1, 4kϵ

u
n+1

)
(5.3.17)

Using the identity 2 (3A− 4B + C,A) = A2 + (2A− B)2 − B2 − (2B − C)2 + (A− 2B + C)2 in left side

of equation (5.3.17), and after simplifying the equation we get

∥ϵun+1∥2 − ∥ϵun∥2 + ∥2ϵun+1 − ϵun∥2 − ∥2ϵun − Eu
n−1∥2

=
1

2
σ2
(
S2(ϵuSS)n+1, 4kϵ

u
n+1

)
+ 4kaCue

Cuv∥ϵun − ϵvn + ϵvn+1 − ϵun+1∥∥ϵun+1∥

+
(
T u
n+1, 4kϵ

u
n+1

)
(5.3.18)

Now simplifying the right side of (5.3.18), using
(
S2(ϵuSS)n+1, 4kEu

n+1

)
≤ 2k∥ϵun+1∥2, and let C1 = 2aCue

Cuv

then we have

∥ϵun+1∥2 − ∥ϵun∥2 + ∥2ϵun+1 − ϵun∥2 − ∥2ϵun − ϵun−1∥2

≤ σ2k∥ϵun+1∥2 + 4kC1∥ϵvn+1∥2 + 5kC1∥ϵun+1∥2 + 4kC1∥ϵun∥2 + 4kC1∥ϵvn∥2

+2k∥T u
n+1∥2 + 2k∥ϵun+1∥2. (5.3.19)

Now, taking the inner product of both sides of the equation (5.3.15) with 4k(ϵvn+1), and let C2 = 2cCve
Cuv ,

then we have

∥ϵvn+1∥2 − ∥ϵvn∥2 + ∥2ϵvn+1 − ϵvn∥2 − ∥2ϵvn − ϵvn−1∥2

≤ k(5C2 + 2)∥ϵvn+1∥2 + 4kC2∥ϵun+1∥2 + 4kC2(∥ϵun∥2 + ∥ϵvn∥2) + 2k∥T v
n+1∥2 (5.3.20)

Adding up the inequalities (5.3.19) and (5.3.20), and let C3 = max(C1, C2), then

∥ϵun+1∥2 − ∥ϵun∥2 + ∥ϵvn+1∥2 − ∥ϵvn∥2 + ∥2ϵun+1 − ϵun∥2 − ∥2ϵun − ϵun−1∥2 + ∥2ϵvn+1

104



5.3.1.2. IMEX-BDF2 method

−ϵvn∥2 − ∥2ϵvn − ϵvn−1∥2

≤ Ck(∥ϵun+1∥2 + ∥ϵvn+1∥2) + 4kC3(∥ϵun∥2 + ∥ϵvn∥2) + 2k(∥T u
n+1∥2 + ∥T v

n+1∥2), (5.3.21)

where C = σ2 + 5C3 + 2. To keep the generality intact, let’s assume that 0 ≤ m ≤ N is an integer. Then,

after summing up the inequality (5.3.21), for n = 0 to n = m

∥ϵum+1∥2 − ∥ϵu0∥2 + ∥ϵvm+1∥2 − ∥ϵv0∥2 + ∥2ϵum+1 − ϵum∥2 + ∥2ϵvm+1 − ϵvm∥2

−∥2ϵu1 − ϵu0∥2 − ∥2ϵv1 − ϵv0∥2

≤ Ck(∥ϵum+1∥2 + ∥ϵvm+1∥2) + Ck
m∑

n=1

(∥ϵun∥2 + ∥ϵvn∥2) + 4kC3

m∑
n=0

(∥ϵun∥2 + ∥ϵvn∥2)

+k

m∑
n=0

(∥T u
n+1∥2 + ∥T v

n+1∥2).

Suppose that the k is small enough such that (1− kC) > 0 or k < 1
C , then the above inequality implies,

∥ϵum+1∥2 + ∥ϵvm+1∥2 ≤ C(∥ϵu0∥2 + ∥ϵv0∥2 + ∥2ϵu1 − ϵu0∥2 + ∥2ϵv1 − ϵv0∥2

+k

m∑
n=1

(∥ϵun∥2 + ∥ϵvn∥2) + k

m∑
n=0

(∥T u
n+1∥2 + ∥T v

n+1∥2)).

We know that mk ≤ T , then we have

∥ϵum+1∥2 + ∥ϵvm+1∥2 ≤ C(∥ϵu0∥2 + ∥ϵv0∥2 + ∥2ϵu1 − ϵu0∥2 + ∥2ϵv1 − ϵv0∥2

+k

m−1∑
n=1

(∥ϵun+1∥2 + ∥ϵvn+1∥2) +mk max
0≤n≤m

(∥T u
n+1∥2 + ∥T v

n+1∥2)),

where C is a generic constant independent of the grid’s size. Now, using the discrete Gronwall’s inequality

(for more information, see Lemma 3.1 in [68]), we get,

∥ϵum+1∥2 + ∥ϵvm+1∥2 ≤ C(∥ϵu0∥2 + ∥ϵv0∥2 + ∥2ϵu1 − ϵu0∥2 + ∥2ϵv1 − ϵv0∥2

+ max
0≤n≤m

(∥T u
n+1∥2 + ∥T v

n+1∥2)). (5.3.22)

From (5.3.22), we get, ∥ϵum+1∥2 + ∥ϵvm+1∥2 ≤ Ck4. Now, if k ≤
(

1

C
1
4

)
, then we have

∥ϵum+1∥ ≤ 1 and ∥ϵvm+1∥ ≤ 1. (5.3.23)

This completes the proof of (5.3.13).

Theorem 5.3.4 (BDF2). Suppose there is sufficient regularity with L2 norm for the exact solution (u, v)

of equation (5.2.7). Let (un+1, vn+1), be the numerical solution of the IMEX scheme (5.3.4), then for

k → 0, we have the following convergence results:

∥u− un+1∥+ ∥v − vn+1∥ ≤ Ck2.
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5.3.2 Spatial Discretization

We will now discuss the implementation of the local radial basis function-based finite difference (RBF-FD)

scheme for system (5.2.7). Let a collection of randomly selected discrete points within the domain Ω,

denote ΩM := {x1,x2, . . . ,xi, . . . ,xM}. We can locally approximate the linear differential operator L at

any node xi ∈ ΩM:

L v(xi) =

mi∑
j=1

ωjv(xj), (5.3.24)

where mi(<M) represents the stencil size in the sub-domain Ωi ⊂ Ω containing the approximation point

xi, and ωj denotes the unknown differential weights. It should be noted that the collection Ωi contains

exactly the nearest mi nodes of ΩM in the neighbourhood of xi.

The calculation of integral weight ωj , which relies on the approximation point xi, is one of the key steps

in the approximation of L v(xi) using expression (5.3.24). Typically, in the conventional finite difference

approach, the discretization points are spaced evenly, and traditional polynomial interpolation is used to

effectively determine the weights ωj .

The interpolation technique in the radial basis function method, in contrast to the standard finite

difference scheme, is not limited by the uniform distribution of discretization points and can be implemented

efficiently on scattered node distributions. To estimate the integral weight ωj , we have used the procedure,

well defined in literature [87, 136].

5.3.3 RBF-FD Discretization

From (5.3.24), we consider the approximation of second order derivatives with respect to S as:

∂2u

∂S2
=

mi∑
i=1

wi
SSu

i(t). (5.3.25)

Now substitute the equation (5.3.25) in (5.2.7), we get the system,

∂uj(t)

∂t
=

1

2
σ2(Sj)2

mi∑
i=1

wi
SSu

i(t)− ae−(vj(t)−uj(t)) + b,
∂vj(t)

∂t
= c− ce−(uj(t)−vj(t)) (5.3.26)

For j = 1, 2, · · ·,M, we can write the matrix vector form

∂u

∂t
= (

1

2
σ2(Sj)2WSS)u(t)− ae−(v(t)−u(t)) + b,

∂v

∂t
= c− ce−(u(t)−v(t)), (5.3.27)

where,

u(t) = [u1(t) u2(t) uM−1(t) uM (t)]T , v(t) = [v1(t) v2(t) vM−1(t) vM (t)]T .

The matrix structure of WSS is based on the number of points in each stencil. For example, WSS is a

tridiagonal matrix if mi = 3.
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5.3.4 Full RBF-BDF2 Discretization

Now, we fully discretize the system (5.3.27) using IMEX-BDF2 combined with RBF-FD method, and let,

W = Diag
(
1
2σ

2(Sj)2
)
·WSS ,

3uj
n+1−4uj

n+uj
n−1

2dt = Wujn+1 − a(eu
j
n−vj

n(1 + vjn − ujn) + eu
j
n−vj

n(ujn+1 − vjn+1)) + b
3vj

n+1−4vj
n+vj

n−1

2dt = c− c(ev
j
n−uj

n(1 + ujn − vjn) + ev
j
n−uj

n(vjn+1 − ujn+1)), n ≥ 1,
(5.3.28)

By rearranging the terms of the system (5.3.28), we get

DUn+1 = AUn + BUn−1 + C, (5.3.29)

where, U = [u, v], is a 2M×1 column vector and the A,B,D are block diagonal matrices of size 2M×2M ,

C is a 2M × 1 order of column vector

D =

D1 0

0 D2

 , A =

A1 0

0 A2

 , B =

B1 0

0 B2

 , C =

C1
C2

 ,
where D1 = Diag

(
3

2dt + aeu
j
n−vj

n − cev
j
n−uj

n

)
−W, D2 = Diag

(
3

2dt + cev
j
n−uj

n − aeu
j
n−vj

n

)
,

A1 = Diag
(

2
dt + aeu

j
n−vj

n − cev
j
n−uj

n

)
, A2 = Diag

(
2
dt + cev

j
n−uj

n − aeu
j
n−vj

n

)
, B1 = Diag

(
− 1

2dt

)
,

B2 = Diag
(
− 1

2dt

)
, C1 = b− aeu

j
n−vj

n , C2 = c(1− ev
j
n−uj

n), for j = 1, 2, · · · ,M .

5.4 American Option

In this section, we define the BDF1 and BDF2 operator splitting methods [64] to solve the LCP (5.2.9)

for American option. The main goal of operator splitting approach is to obtain an equation such that

ψ = ut − Lu by using the additional variable, ψ. Now in the region Ω × J , the LCP (5.2.9) can be

reformulated as follows:

∂u

∂t
− Lu = ψ,

∂v

∂t
− L∗v = ψ∗, (u(S, t)− Φ(S)) · ψ = 0, (v(S, t)− Φ(S)) · ψ∗ = 0,

u(S, t)− Φ(S) ≥ 0, v(S, t)− Φ(S) ≥ 0, ψ, ψ∗ ≥ 0. (5.4.1)

5.4.1 BDF1-OS Method

Let divide the governing equation ut −Lu = ψ into two discrete equations on the (n+ 1)th time level, as:(
ũn+1 − un

k

)
− Lũn+1 = ψn,

(
ṽn+1 − vn

k

)
− L∗ṽn+1 = ψ∗

n, (5.4.2)(
un+1 − un

k

)
− Lũn+1 = ψn+1,

(
vn+1 − vn

k

)
− L∗ṽn+1 = ψ∗

n+1. (5.4.3)

Now, the discrete problem for LCP (5.4.1) is to search for the pairs (un+1, ψn+1), and (u∗n+1, ψ
∗
n+1) which

satisfies both the discrete systems (5.4.2) and (5.4.3) as well as the constraints

un+1 ≥ Φ, ψn+1 ≥ 0, ψn+1(un+1 − Φ) = 0, vn+1 ≥ Φ, ψ∗
n+1 ≥ 0, ψ∗

n+1(vn+1 − Φ) = 0. (5.4.4)
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The first step is to find out the intermediate approximations ũn+1 and ṽn+1 by solving the system (5.4.2)

with known auxiliary terms ψn and ψ∗
n under boundary conditions :

ũn+1(SL) = K, ũn+1(SR) = 0, ṽn+1(SL) = K, ṽn+1(SR) = 0.

The second step of the operator splitting method is to establish a connection in (5.4.3) between un+1, vn+1

and ψn+1, ψ
∗
n+1 under the constraint (5.4.4). In order to secure this, we need to re-express the system

(5.4.3) using results from equation (5.4.2) along with the constraints in (5.4.4) as a problem to search for

the pair (un+1, ψn+1), such that

un+1 − ũn+1

k
= ψn+1 − ψn,

vn+1 − ṽn+1

k
= ψ∗

n+1 − ψ∗
n,

ψn+1(un+1 − Φ) = 0, ψ∗
n+1(vn+1 − Φ) = 0, (5.4.5)

with the constraints

un+1 ≥ Φ vn+1 ≥ Φ ψn+1 ≥ 0 ψ∗
n+1 ≥ 0. (5.4.6)

Again, by solving the problems (5.4.5)-(5.4.6), in (un+1, ψn+1) and (vn+1, ψ
∗
n+1) planes, we get

(un+1, ψn+1) =

 (Φ, ψn + Φ−ũn+1

k ) if ũn+1 − kψn ≤ Φ,

(ũn+1 − kψn, 0) otherwise.
(5.4.7)

(vn+1, ψn+1) =

 (Φ, ψ∗
n + Φ−ṽn+1

k ) if ṽn+1 − kψ∗
n ≤ Φ,

(ṽn+1 − kψ∗
n, 0) otherwise.

(5.4.8)

The pairs (u0, ψ0) and (v0, ψ
∗
0) at zeroth time level can be found with the aid of the given initial condition,

followed by assigning the value ψ0 = 0.

5.4.2 BDF2-OS Method

Using the same procedure of BDF1, we get the solution (un+1, vn+1) for BDF2, with the correction terms

as:

3

2

un+1 − ũn+1

k
= ψn+1 − ψn,

3

2

vn+1 − ṽn+1

k
= ψ∗

n+1 − ψ∗
n, un+1 ≥ Φ, vn+1 ≥ Φ,

ψn+1 ≥ 0, ψ∗
n+1 ≥ 0, ψn+1(un+1 − Φ) = 0, ψ∗

n+1(vn+1 − Φ) = 0. (5.4.9)

By solving the problems (5.4.9), in (un+1, ψn+1) and (vn+1, ψ
∗
n+1) planes, we get

(un+1, ψn+1) =

 (Φ, ψn + 3
2
Φ−ũn+1

k ) if ũn+1 − 2k
3 ψn ≤ Φ,

(ũn+1 − 2k
3 ψn, 0) otherwise.

(5.4.10)

(vn+1, ψ
∗
n+1) =

 (Φ, ψ∗
n + 3

2
Φ−ṽn+1

k ) if ṽn+1 − 2k
3 ψ

∗
n ≤ Φ,

(ṽn+1 − 2k
3 ψ

∗
n, 0) otherwise.

(5.4.11)
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5.5 Numerical Results

In this part, we carried out different computational experiments to show the efficacy and accuracy of the

suggested numerical techniques for estimating the value of European and American call options under the

liquidity switching model. We utilized the second-degree space augmented polynomial (
∏

2 := 1, x, x2)

with the thin plate spline (r̃4 ln r̃) radial basis functions to approximate the spatial operator, and mi = 3

is used in an uniformly spaced grid for all computational cases. In all three scenarios, when the option

holder is in the money, at the money, or out of the money, we have shown the option value, errors, and

convergence order of both suggested techniques. We used the piecewise cubic Hermite interpolation to get

the option value at non-grid points.

We used MATLAB R2022b on a PC with Processor Intel(R) Core(TM) i5-10500 CPU @ 3.10GHz,

3096 Mhz, 6 Core(s), 12 Logical Processor(s) and 16.00GB RAM.

We used the following double mesh principle to calculate the errors: the difference between successive

numerical solutions

Error =

∣∣∣∣u(k, h)− u

(
k

2
,
h

2

)∣∣∣∣ ,
and this formula is used to calculate the rate of convergence (Order):

Order = log2
|u(k, h)− u(k2 ,

h
2 )|

|u(k2 ,
h
2 )− u(k4 ,

h
4 )|

,

where u(k, h) represents the computed price of the option with temporal mesh length k and spatial mesh

length h. We consider the N number of temporal points, and M number of spatial points. The following

parameters are used to show the results at S = 1.5, 2, 2.5, in both the liquid and illiquid states:

µ = 0.06, σ = 0.3, ν01 = 1, ν10 = 12,K = 2, T = 1, Smax = 5, γ = 1, Ω := [0, 5].

5.5.1 European Option

Table 5.1 reports the results from the first numerical simulation, which we used to price the European

option. It display the option value, error, and temporal convergence rate of the BDF1 approaches at

various asset prices under the liquidity switching model. We showed the results for liquid (R0) and illiquid

(R1) states. Table 5.1 shows that when the temporal mesh was small enough in all states, the temporal

convergence rate of BDF1 attained its asymptotic order one. Further, we conducted the same simulation

using the BDF2 approach, and the results are shown in Table 5.2. When the temporal mesh was small

enough in every state, we found that the temporal convergence rate of BDF2 attained its asymptotic order

two. The option value for BDF2 is shown in Figure 5.1. Near the strike price, option prices exhibit little

to no unpredictable fluctuation, according to the graphs. We also verified the convergence order for the

BDF2 methods for pricing European option by plotting the error in Figure 5.2. From Figure 5.2, we can
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Table 5.1: European option values for the liquid (upper) and illiquid state (below) for BDF1 at
M = 1024.

S=1.5 S=2 S=2.5
N Value Error Order Value Error Order Value Error Order
25 0.019770 - - 0.168495 - - 0.538758 - -
50 0.019652 1.178973e-04 - 0.168892 3.970697e-04 - 0.538711 4.751057e-05
100 0.019592 5.945299e-05 0.9877 0.169091 1.990627e-04 0.9961 0.538687 2.309818e-05 1.0404
200 0.019562 2.984385e-05 0.9943 0.169190 9.967456e-05 0.9979 0.538676 1.137017e-05 1.0225
400 0.019547 1.494993e-05 0.9972 0.169240 4.987524e-05 0.9989 0.538670 5.638101e-06 1.0119
800 0.019540 7.481771e-06 0.9986 0.169265 2.494750e-05 0.9994 0.538668 2.806953e-06 1.0062
25 0.015021 - - 0.151819 - - 0.530047 - -
50 0.014842 1.788588e-04 - 0.152410 5.903113e-04 - 0.529897 1.498789e-04 -
100 0.014751 9.110646e-05 0.9731 0.152705 2.953554e-04 0.9990 0.529822 7.462257e-05 1.0061
200 0.014705 4.596749e-05 0.9869 0.152853 1.476719e-04 1.0000 0.529785 3.718255e-05 1.0049
400 0.014682 2.308621e-05 0.9935 0.152926 7.382813e-05 1.0001 0.529766 1.855202e-05 1.0030
800 0.014670 1.156853e-05 0.9968 0.152963 3.691148e-05 1.0001 0.529757 9.265217e-06 1.0016
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Figure 5.1: European option value using RBF-BDF2 method at M = 1024, N = 800.

see that the slope of the errors for BDF2 is approximately two. Using the same parameters in Table 5.3, we

have also shown the option value, error, and spatial convergence order of the RBF-based BDF2 technique

with the CPU time (in seconds) for different asset values in the liquid and illiquid stages of the economy.

The suggested approach is shown to be second-order convergent in spatial dimension.

5.5.2 American Option

The penalty technique was used by the authors in [51] to address the linear complementarity problems in

the pricing of American options. For pricing the American option under the liquidity switching model,

we performed the same simulation using the operator splitting approach in conjunction with the RBF-
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Table 5.2: European option values for the liquid (upper) and illiquid state (below) for BDF2 at
M = 1024.

S=1.5 S=2 S=2.5
N Value Error Order Value Error Order Value Error Order
25 0.019542 - - 0.169244 - - 0.538658 - -
50 0.019535 6.788039e-06 - 0.169279 3.467573e-05 - 0.538663 5.314921e-06 -
100 0.019533 1.721656e-06 1.9791 0.169287 8.537609e-06 2.0220 0.538664 1.196427e-06 2.1513
200 0.019533 4.385892e-07 1.9728 0.169289 2.108965e-06 2.0172 0.538665 2.750843e-07 2.1207
400 0.019533 1.112810e-07 1.9786 0.169290 5.224311e-07 2.0132 0.538665 6.470497e-08 2.0879
800 0.019533 2.811407e-08 1.9848 0.169290 1.297212e-07 2.0098 0.538665 1.549929e-08 2.0616
25 0.014676 - - 0.152946 - - 0.529745 - -
50 0.014663 1.311419e-05 - 0.152987 4.062634e-05 - 0.529747 2.094790e-06 -
100 0.014659 3.213764e-06 2.0287 0.152997 1.005790e-05 2.0140 0.529748 4.021876e-07 2.3808
200 0.014659 8.028527e-07 2.0010 0.152999 2.489735e-06 2.0142 0.529748 7.558820e-08 2.4116
400 0.014658 2.013179e-07 1.9956 0.153000 6.166180e-07 2.0135 0.529748 1.465443e-08 2.3668
800 0.014658 5.049012e-08 1.9954 0.153000 1.528752e-07 2.0120 0.529748 2.969693e-09 2.3029
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Figure 5.2: Convergence order of BDF2 in temporal direction for pricing European option at fixed
M = 1024.

FD-based BDF1 and BDF2 methods. At each time step, the suggested methods with three time levels

connected by the operator splitting approach provide a linear system that is easily solved using LU de-

composition and no fixed-point iteration.

In this numerical simulation, we showed the option value, error, and the temporal convergence rate of

the BDF1 techniques at different asset prices, and data are reported in Table 5.4.

Using the same simulation in Table 5.5, we have reported the data for BDF2 method. We found that

when the temporal mesh was small enough in all states, the temporal convergence rate of BDF2 achieved

its asymptotic order two. The option value for BDF2 is shown in Figure 5.3. Near the strike price, option
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Table 5.3: Spatial convergence order of the RBF-based BDF2 method for pricing European option
values in the liquid (upper) and illiquid states (below) at N = 1600.

S=1.5 S=2 S=2.5
M Value Error Order Value Error Order Value Error Order CPU Time
20 0.021808 - - 0.161386 - - 0.540612 - - 0.089552
40 0.019958 1.850115e-03 - 0.167592 6.205910e-03 - 0.539207 1.404959e-03 - 0.114577
80 0.019620 3.381744e-04 2.4517 0.168933 1.341319e-03 2.2099 0.538802 4.046208e-04 1.7958 0.194867
160 0.019552 6.783236e-05 2.3177 0.169228 2.954829e-04 2.1825 0.538699 1.030361e-04 1.9734 0.443908
320 0.019537 1.512290e-05 2.1652 0.169285 5.673924e-05 2.3806 0.538673 2.579427e-05 1.9980 1.322748
640 0.019534 3.571569e-06 2.0821 0.169291 5.773206e-06 3.2969 0.538667 6.442386e-06 2.0013 13.983559
20 0.016989 - - 0.143872 - - 0.531713 - - 0.087696
40 0.015125 1.863463e-03 - 0.151068 7.196518e-03 - 0.530324 1.389320e-03 - 0.112591
80 0.014757 3.679233e-04 2.3405 0.152600 1.531603e-03 2.2322 0.529895 4.283411e-04 1.6975 0.191622
160 0.014681 7.647072e-05 2.2664 0.152935 3.357396e-04 2.1896 0.529785 1.106001e-04 1.9534 0.453671
320 0.014664 1.733993e-05 2.1408 0.153000 6.410039e-05 2.3889 0.529757 2.779376e-05 1.9925 1.295155
640 0.014659 4.131082e-06 2.0695 0.153004 4.401208e-06 3.8643 0.529750 6.950444e-06 1.9995 13.812410

Table 5.4: American option values for the liquid (upper) and illiquid state (below) for BDF1 at
M = 1024.

S=1.5 S=2 S=2.5
N Value Error Order Value Error Order Value Error Order
25 0.019770 - - 0.168495 - - 0.538758 - -
50 0.019652 1.178973e-04 - 0.168892 3.970697e-04 - 0.538711 4.751057e-05 -
100 0.019592 5.945299e-05 0.9877 0.169091 1.990627e-04 0.9961 0.538687 2.309818e-05 1.0404
200 0.019562 2.984385e-05 0.9943 0.169190 9.967456e-05 0.9979 0.538676 1.137017e-05 1.0225
400 0.019547 1.494993e-05 0.9972 0.169240 4.987524e-05 0.9989 0.538670 5.638101e-06 1.0119
800 0.019540 7.481771e-06 0.9986 0.169265 2.494750e-05 0.9994 0.538668 2.806953e-06 1.0062
25 0.015021 - - 0.151819 - - 0.530047 - -
50 0.014842 1.788588e-04 - 0.152410 5.903113e-04 - 0.529897 1.498789e-04 -
100 0.014751 9.110646e-05 0.9731 0.152705 2.953554e-04 0.9990 0.529822 7.462257e-05 1.0061
200 0.014705 4.596749e-05 0.9869 0.152853 1.476719e-04 1.0000 0.529785 3.718255e-05 1.0049
400 0.014682 2.308621e-05 0.9935 0.152926 7.382813e-05 1.0001 0.529766 1.855202e-05 1.0030
800 0.014670 1.156853e-05 0.9968 0.152963 3.691148e-05 1.0001 0.529757 9.265217e-06 1.0016

prices exhibit little to no erratic fluctuation, according to the graphs. We also showed the convergence

order for BDF2 method for the American option by plotting the error with respect to log(N) in Figure 5.4.

From Figure 5.4, we can see that the slope of the errors for BDF2-OS is approximately two. Furthermore,

we presented the numerical results using Tavella-Randal’s [118] non-uniform spatial mesh at S = K = 10,

with a fixedM = 1600 in Ω = [0, 20]. The results of Table 5.6 and Table 5.7 show that the BDF2 approach

has second-order temporal accuracy using non-uniform meshes. Additionally, we used the above-defined

parameters with a fixed N = 1600 to illustrate the option value, error, and spatial convergence order of

the RBF-based BDF2 technique with the CPU time (in seconds) for different asset values in the liquid
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Figure 5.3: American option value using RBF-BDF2 method at M = 1024, N = 800.

and illiquid phases of the economy in Table 5.8. The suggested approach is shown to be second-order

convergent in spatial dimension.

In Table 5.9, we showed the point-wise errors at S = K, with different discretization points and

compared our results with the Table 5 of Gyulov [51], where the authors used the penalty method for

the American constraints in order to indifference pricing of an American option. We can observe that the

errors of the proposed method are reducing faster than those of Gyulov [51].

Table 5.5: American option values for the liquid (upper) and illiquid state (below) for BDF2 at
M = 1024.

S=1.5 S=2 S=2.5
N Value Error Order Value Error Order Value Error Order
25 0.019542 - - 0.169244 - - 0.538658 - -
50 0.019535 6.788039e-06 - 0.169279 3.467573e-05 - 0.538663 5.314921e-06 -
100 0.019533 1.721656e-06 1.9791 0.169287 8.537609e-06 2.0220 0.538664 1.196427e-06 2.1513
200 0.019533 4.385892e-07 1.9728 0.169289 2.108965e-06 2.0172 0.538665 2.750843e-07 2.1207
400 0.019533 1.112810e-07 1.9786 0.169290 5.224311e-07 2.0132 0.538665 6.470497e-08 2.0879
800 0.019533 2.811407e-08 1.9848 0.169290 1.297212e-07 2.0098 0.538665 1.549929e-08 2.0616
25 0.014676 - - 0.152946 - - 0.529745 - -
50 0.014663 1.311419e-05 - 0.152987 4.062634e-05 - 0.529747 2.094790e-06 -
100 0.014659 3.213764e-06 2.0287 0.152997 1.005790e-05 2.0140 0.529748 4.021876e-07 2.3808
200 0.014659 8.028527e-07 2.0010 0.152999 2.489735e-06 2.01426 0.529748 7.558820e-08 2.4116
400 0.014658 2.013179e-07 1.9956 0.153000 6.166180e-07 2.01354 0.529748 1.465443e-08 2.3668
800 0.014658 5.049012e-08 1.9954 0.153000 1.528752e-07 2.01202 0.529748 2.969693e-09 2.3029

Further, we look into numerical Greeks, Delta and Gamma for American option, which are computed

by RBF–based IMEX-BDF2-OS method, to further demonstrate the numerical results generated by the
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Figure 5.4: Convergence order of BDF2-OS in temporal direction for pricing American option at
M = 1024.

Table 5.6: European option values for the liquid (upper) and illiquid state (below) for BDF2 at
M = 1600.

S=9 S=10 S=11
N Value Error Order Value Error Order Value Error Order
10 0.102555 - - 0.432329 - - 1.127627 - -
20 0.102658 1.032201e-04 - 0.432859 5.302567e-04 - 1.127815 1.876837e-04 -
40 0.102679 2.122052e-05 2.2821 0.432984 1.250740e-04 2.0839 1.127855 4.032392e-05 2.2185
80 0.102684 4.259753e-06 2.3166 0.433014 2.971387e-05 2.0735 1.127864 8.757919e-06 2.2029
160 0.102684 8.611147e-07 2.3064 0.433021 7.112763e-06 2.0626 1.127866 1.937674e-06 2.1762
320 0.102685 1.788104e-07 2.2677 0.433023 1.718431e-06 2.0493 1.127866 4.396261e-07 2.1399
640 0.102685 3.836867e-08 2.2204 0.433023 4.187052e-07 2.0370 1.127866 1.021330e-07 2.1058
10 0.080180 - - 0.388974 - - 1.100708 - -
20 0.080238 5.758298e-05 - 0.389636 6.617770e-04 - 1.100899 1.908212e-04 -
40 0.080253 1.557100e-05 1.8867 0.389784 1.479437e-04 2.1612 1.100943 4.397514e-05 2.1174
80 0.080256 2.825915e-06 2.4620 0.389819 3.510042e-05 2.0754 1.100953 9.353162e-06 2.2331
160 0.080256 4.914569e-07 2.5235 0.389827 8.369312e-06 2.0683 1.100955 2.043999e-06 2.1940
320 0.080257 8.514743e-08 2.5290 0.389829 2.006707e-06 2.0602 1.100955 4.612024e-07 2.1479
640 0.080257 1.488608e-08 2.5159 0.389830 4.839759e-07 2.0518 1.100955 1.069849e-07 2.1079

BDF2-OS. The Greeks of the numerical solution, calculated using the parameters µ = 0.06, σ = 0.3, ν01 =

1, ν10 = 12,K = 50, T = 1, Smax = 100 and γ = 1 in Ω = [0, 100] for the scheme IMEX-BDF2 forM = 400,

N = 1600, are shown in Figure 5.5. We note that there are no oscillations in either Gamma or Delta. The

absence of a diffusion component in the second equation of (5.2.7) results in a minor edge in the Greeks

(Delta & Gamma) for the solution v (Figure 5.5). It is clear that the solution tends to a smooth function in

time, since the jump of the Greeks (Delta & Gamma) at the strike price (K = 50) decreases as time passes.

Moreover, when a market is liquid, it has a high trading volume and low bid-ask spreads. In this case, the
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gamma plot may exhibit smoother transitions and more predictable behavior when the underlying asset’s

price fluctuation. This is because there are enough market players eager to purchase and sell the option

at multiple prices, resulting in effective price determination. In contrast, illiquid markets have less trading

volume and large bid-ask spreads. In such situations, the gamma plot may show erratic movements and

discontinuities. This is because it may be difficult to identify counterparties ready to trade at specific

prices, resulting in more significant price gaps and sometimes exaggerated fluctuations in option prices.

The little edge in the Greeks (Delta & Gamma) for the solution v (Figure 5.5) arises from the lack of

the diffusion factor in the second equation in (5.2.7). We begin with a non-smooth initial function, the

non-smoothness of the solution v remains for a long time, unlike the solution u, which is regulated by the

parabolic equation in (5.2.7). Figure 5.5 depicts the profiles of the Greeks (Delta & Gamma) at various

time levels. It is clear that the solution tends to a smooth function in time, since the jump of the Greeks

(Delta & Gamma) at the strike point decreases over the time.

Table 5.7: American option values for the liquid (upper) and illiquid state (below) for BDF2 at
M=1600.

S=9 S=10 S=11
N Value Error Order Value Error Order Value Error Order
10 0.378072 - - 0.817059 - - 1.449758 - -
20 0.378820 1.169094e-03 - 0.818054 1.273961e-03 - 1.450633 1.372050e-03 -
40 0.378981 2.366878e-04 2.3043 0.818275 2.614843e-04 2.2845 1.450824 2.785646e-04 2.3002
80 0.379016 5.098414e-05 2.2148 0.818324 5.645221e-05 2.2116 1.450866 6.058390e-05 2.2010
160 0.379023 1.132389e-05 2.1706 0.818335 1.216300e-05 2.2145 1.450875 1.359811e-05 2.1555
320 0.379025 2.580587e-06 2.1335 0.818338 2.618218e-06 2.2158 1.450877 3.051842e-06 2.1556
640 0.379025 5.967107e-07 2.1125 0.818338 5.220950e-07 2.3262 1.450877 4.194005e-07 2.8632
10 0.315517 - - 0.736181 - - 1.378073 - -
20 0.316686 7.481711e-04 - 0.737455 9.945535e-04 - 1.379445 8.754007e-04 -
40 0.316922 1.608839e-04 2.2173 0.737717 2.214580e-04 2.1670 1.379723 1.910691e-04 2.1958
80 0.316973 3.457992e-05 2.2180 0.737773 4.905820e-05 2.1744 1.379784 4.189083e-05 2.1893
160 0.316985 7.507284e-06 2.2035 0.737786 1.095411e-05 2.1630 1.379798 9.309836e-06 2.1698
320 0.316987 1.660979e-06 2.1762 0.737788 2.459474e-06 2.1550 1.379801 1.932957e-06 2.2679
640 0.316988 3.629457e-07 2.1942 0.737789 4.545034e-07 2.4359 1.379801 1.941664e-07 3.3154

5.6 Conclusion

We proposed two numerical methods based on RBF-FD to solve semi-linear coupled PDEs and LCPs

for indifference pricing of European and American options in a regime-switching model with exponential

nonlinearity. The liquidity shocks model enhances pricing accuracy by incorporating liquidity risk, resulting

in higher option prices in less liquid markets. This adjustment is crucial for traders and investors who

need to manage risk effectively in real-world trading environments. To perform sensitivity analysis of
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Table 5.8: Spatial convergence order of the RBF-based BDF2 method for pricing American option
values in the liquid (upper) and illiquid states (below) at N = 1600.

S=1.5 S=2 S=2.5
M Value Error Order Value Error Order Value Error Order CPU Time
20 0.016989 - - 0.143875 - - 0.531713 - - 0.148888
40 0.015125 1.863463e-03 - 0.151069 7.193672e-03 - 0.530324 1.389320e-03 - 0.163727
80 0.014757 3.679233e-04 2.3405 0.152600 1.531147e-03 2.2321 0.529895 4.283411e-04 1.6975 0.258627
160 0.014681 7.647072e-05 2.2664 0.152936 3.356058e-04 2.1897 0.529785 1.106001e-04 1.9534 0.591522
320 0.014664 1.733993e-05 2.1408 0.153000 6.404476e-05 2.3896 0.529757 2.779376e-05 1.9925 1.873720
640 0.014659 4.131082e-06 2.0695 0.153004 4.375042e-06 3.8717 0.529750 6.950444e-06 1.9995 14.768316
20 0.021808 - - 0.161394 - - 0.540612 - - 0.111213
40 0.019958 1.850115e-03 - 0.167594 6.199666e-03 - 0.539207 1.404959e-03 - 0.137648
80 0.019620 3.381744e-04 2.4517 0.168934 1.340172e-03 2.2097 0.538802 4.046208e-04 1.7958 0.215557
160 0.019552 6.783236e-05 2.3177 0.169229 2.951198e-04 2.1830 0.538699 1.030361e-04 1.9734 0.469735
320 0.019537 1.512290e-05 2.1652 0.169285 5.658350e-05 2.3828 0.538673 2.579427e-05 1.9980 1.311562
640 0.019534 3.571569e-06 2.0821 0.169291 5.699174e-06 3.3115 0.538667 6.442386e-06 2.0013 14.328736

Table 5.9: Comparison of numerical errors with Table 5 of [51] for pricing American call option using
the parameters in [51] under the liquidity switching model.

Liquid State (u) Illiquid State (v)
M N Gyulov [51] RBF-BDF2-OS Gyulov [51] RBF-BDF2-OS
64 128 - - - -
128 256 2.77460e-04 3.374234e-05 2.28726e-04 3.337388e-05
256 512 7.00277e-05 9.267183e-06 5.78622e-05 9.341534e-06
512 1024 1.75479e-05 2.398951e-06 1.45077e-05 2.489551e-06

the proposed pricing model, the option value, Gamma, Delta, and computational errors have been shown

with various parameters. The proposed schemes, BDF1 and BDF2, are first- and second-order convergent,

respectively, and the stability analysis of the proposed techniques for coupled PDEs are presented. We

used the operator splitting approach to deal with the inequality constraints in the system of semi-linear

complementarity problems for American option pricing.
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Figure 5.5: Greeks (Delta & Gamma) for pricing the American option using RBF–based IMEX-BDF2-
OS under liquidity switching model at N=1600 and M=400.
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6
CONCLUSION AND SCOPE FOR FUTURE RESEARCH

This chapter summarizes the thesis by highlighting the main contributions and novel aspects of the research

work, and by outlining the scope for possible directions for future work that may be explored based on

the findings of this study.

6.1 Summary

In this thesis, we developed radial basis function based grid-free schemes and investigated efficient and

accurate numerical methods for partial differential and integro-differential equations (and inequalities)

arising in finance. The main contributions include the construction of novel time semi-discretization finite-

difference schemes for several option pricing problems, together with rigorous convergence and stability

analyses under realistic regularity assumptions on the data. Due to their global support and smoothness

properties, radial basis functions naturally enable higher-order accuracy. Thus, a radial basis function

based approach was employed for spatial semi-descritization. This provides new radial basis function

based implicit-explicit finite difference schemes for pricing of European, American, and Asian options

under different market conditions, which accurately and efficiently approximate option values. By selecting

appropriate radial basis functions and optimizing the associated shape parameters, higher convergence rates

and reduced numerical errors were achieved. The proposed schemes effectively handle the singularities

arising from non-smooth payoff functions through mesh condensation near the singular regions. Moreover,

the resulting discretization leads to tridiagonal linear systems at each time step, allowing for efficient

direct solution. The flexibility of the approach also permits implementation on non-uniform spatial grids.

Extensive numerical experiments validate the efficiency, accuracy, and theoretical convergence rates of the
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proposed methods.

Following the introductory chapter (Chapter 1), in Chapter 2, we developed three radial basis func-

tion (RBF) based implicit-explicit finite-difference schemes, namely RBF-IMEX-BDF2, RBF-IMEX-CNLF

and RBF-IMEX-CNAB, for solving the partial integro-differential equations arising from extended jump-

diffusion asset price models. The proposed framework combines temporal IMEX discretization with an

RBF-based spatial approximation and a composite trapezoidal rule for the integral term. For American

option pricing, the RBF-IMEX-BDF2, RBF-IMEX-CNLF and RBF-IMEX-CNAB schemes were coupled

with an operator-splitting approach to efficiently handle the linear complementarity constraints, resulting

in linear systems that can be solved directly using LU decomposition without the use of fixed-point itera-

tion. Numerical experiments for European and American put options under the Merton and Kou models

with local volatility demonstrated the accuracy and efficiency of the proposed methods, as well as their

ability to reliably compute option values and key ‘Greeks’.

In Chapter 3, we extended the methodology proposed in Chapter 2 to regime-switching jump-diffusion

asset price models. Three RBF based IMEX schemes, namely RBF-IMEX-BDF2, RBF-IMEX-CNLF, and

RBF-IMEX-CNAB, were formulated to solve the resulting systems of partial integro-differential equations.

The temporal IMEX discretization was combined with an RBF-based spatial approximation, while the in-

tegral terms were evaluated using a composite trapezoidal rule. For American option pricing, the schemes

were coupled with an operator-splitting approach to efficiently handle the associated linear complemen-

tarity constraints, leading to linear systems at each time step that were solved by LU decomposition.

Numerical experiments for European and American put options under the Merton and Kou models with

local volatility demonstrated the accuracy, efficiency, and robustness of the proposed methods. In addition

to option values, error measures and key Greeks, such as Delta and Gamma, were accurately computed.

Numerical experiments for European and American put options were performed under the Merton and

Kou models with local volatility to demonstrate the accuracy and efficiency of the proposed methods in

computing option values.

In Chapter 4, an RBF based implicit-explicit approach was introduced for solving partial integro-

differential equations arising in the pricing of moving boundary Asian options under a regime-switching

jump-diffusion process. The IMEX-BDF2 and CNLF schemes were employed for temporal discretization,

while RBF-based finite-difference techniques were used for spatial discretization of the resulting semi-

discrete systems. The integral term in the PIDE was approximated using a composite trapezoidal rule.

Rigorous stability results were established for the proposed schemes. Numerical experiments demonstrated

that both methods achieved second-order convergence in time and space, and further showed that the

proposed methods outperformed existing methods in the literature in terms of both accuracy and efficiency.

In Chapter 5, two numerical methods based on the RBF-finite difference framework were proposed for
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solving semi-linear coupled partial differential equations and linear complementarity problems arising in the

indifference pricing of European and American options under a regime-switching model with exponential

nonlinearity. The liquidity shocks model enhances pricing accuracy by incorporating liquidity risk, resulting

in higher option prices in less liquid markets. This adjustment is important for effective risk management

in real-world trading environments. Sensitivity analyses were conducted by examining option values,

Delta, Gamma, and computational errors under various parameters. The proposed BDF1 and BDF2

schemes exhibited first and second order convergence, respectively, and stability analyses were established

for the coupled PDE systems. For American option pricing, an operator-splitting approach was employed

to efficiently handle the inequality constraints associated with the resulting semi-linear complementarity

problems.

Each of the proposed IMEX time-stepping schemes has its own strengths in terms of accuracy, sta-

bility, and computational cost. The IMEX-CNLF and IMEX-CNAB schemes achieve second-order accu-

racy in time and are appealing because they are relatively straightforward to implement. However, their

performance can become less reliable when dealing with highly stiff problems, such as those arising in

jump-diffusion and regime-switching models. The IMEX-BDF2 scheme, on the other hand, demonstrates

greater robustness and is more effective at controlling numerical oscillations, making it well suited for

the stiff partial integro-differential equations commonly encountered in option pricing applications. For

American options and liquidity-switching models, the operator-splitting approaches IMEX-BDF1-OS and

IMEX-BDF2-OS provide additional flexibility by separating the differential and complementarity com-

ponents of the problem, which simplifies the handling of early-exercise features. Overall, the numerical

results suggest that IMEX-BDF2 and IMEX-BDF2-OS offer the best balance between accuracy, stability,

and computational efficiency. Although all of the proposed schemes produce reliable approximations, the

BDF-based methods consistently perform better for more challenging financial models that incorporate

jumps, regime switching, and liquidity effects.

6.2 Future Research Directions

This section briefly describes some possible extensions of the present work.

• In the theoretical analysis, we restricted attention to uniform temporal discretization. Extending

the convergence and stability analysis to non-uniform temporal and spatial discretizations simulta-

neously remains an important topic for future research.

• The proposed RBF based finite-difference method can be extended to investigate option pricing

models involving mixed derivative terms and multi-asset dynamics.
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• The RBF based finite-difference schemes can be further extended to solve higher-dimensional option

pricing problems, including implementations on non-uniform spatial meshes.

• For option pricing problems, my future research interests include the development of new mesh-

less approaches based on artificial intelligence and machine learning, particularly Physics-Informed

Neural Networks (PINNs).
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